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AS and A-LEVEL TEACHING GUIDANCE

General information - disclaimer

This AS and A-level Further Mathematics teaching guidance will help you plan your teaching by further
explaining how we have interpreted content of the specification and providing examples of how the
content of the specification may be assessed. The teaching guidance notes do not always cover the
whole content statement.

The examples included in this guidance have been chosen to illustrate the level at which this
content will be assessed. The wording and format used in this guidance do not always represent
how questions would appear in a question paper. Not all questions in this guidance have been
through the same rigorous checking process as the ones used in our question papers.

Several questions have been taken from legacy specifications and therefore represent higher levels
of AO1 than will be found in a suite of exam papers for this A-level Further Mathematics
specification.

This guidance is not intended to restrict what can be assessed in the question papers based on the
specification. Questions will be set in a variety of formats including both familiar and unfamiliar
contexts.

All knowledge from the GCSE Mathematics specification is assumed.

Subject content

This Teaching guidance is designed to illustrate the detail within the content of the AS and A-level
Further Mathematics specification.

Half the subject content was set out the Department for Education (DfE). The remaining half was
defined by AQA, based on feedback from Higher Education and teachers.

Content in bold type is contained within the AS Further Mathematics qualification as well as the A-
level Further Mathematics qualification. Content in standard type is contained only within the A-level
Further Mathematics qualification.
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Proof

Al Construct proofs using mathematical induction; contexts
include sums of series, divisibility, and powers of
matrices.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e construct clear and concise arguments, making correct and appropriate use of symbols including
=, and<

e explain steps in their reasoning or identify errors in a given argument
e understand the circumstances under which proof by induction can be used
e demonstrate the three steps required to complete proof by induction:
1. Prove that Py= Py.1, Where P, is the statement to be proved.
2. Prove that P, is correct (or Py or some other starting value, depending on the question).

3. Combine steps 1 and 2 to conclude the proof that P, is true for all n.

Examples

1 A student attempts to use proof by induction to show that n> — n is odd for all ne R

He argues as follows:
Assume true for n = k ,where K is a positive integer
Fork + 1,
k+D)?—(k+D)=k*+2k+1-k-1
=k%+k
=k? -k +2k
Which must be odd, since k? —k is assumed to be odd and 2k is even.
Therefore true for k = true for k + 1.

Hence, by induction, n*— n is always odd for positive integer values of n.

Explain the mistake in the student’s proof.
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AS and A-LEVEL TEACHING GUIDANCE

2 (a) Showthat (k+ 1)(4k + 1)*—1) = 4k> + 12k* + 11k + 3
(b)  Prove by induction that for all integers n > 1, 1* +3% +5° +...+(2n —1)2 :én(4n2 —1)

3 The polynomial p(n) is given by p(n) = (n — 1)° + n* + (n + 1)°

Prove by induction that p(n) is a multiple of 9 for all integers n = 1.

2
4 fM= P , prove by induction that M" =
0 1 0 1

2" (2" —1)p}
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AQAH

Complex numbers

Bl Solve any quadratic equation with real coefficients;
solve cubic or quartic equations with real coefficients
(given sufficient information to deduce at least one root
for cubics or at least one complex root or quadratic
factor for quartics).

Assessed at AS and A-level

Teaching guidance

Students should be able to:

o factorise, complete the square or use the quadratic formula to find complex roots of quadratics
e make appropriate use of calculators to find complex roots

e use the factor theorem with complex roots

e use any appropriate method to factorise cubics and quartics including inspection, comparing
coefficients or polynomial division.

Examples
1 The polynomial p(X)is given by p(x) = x> + 2x+awhere acR
Find the smallest value of aso that p(x) = 0has complex roots.

2 Given that 3 + 2i is a root of the equation x* —11x? +43x+d =0, write x> —11x* +43x+d as
the product of a quadratic and a linear factor with real coefficients.

3 Giventhat 1+ iis aroot of the equation x* +x* —2x*+cx+d =0, where ¢ and d are real, find
the other three roots of the equation.
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B2 Add, subtract, multiply and divide complex numbers in
the form X + 1y with X and y real; understand and use
the terms ‘real part’ and ‘imaginary part’.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e use the fact that two complex numbers are equal if and only if their real parts are equal and their
imaginary parts are equal

e use their calculators to perform calculations with complex numbers when appropriate
e collect real and imaginary parts

» manipulate complex numbers algebraically, simplifying results appropriately using i?= —1.

Examples

1 Prove that the result of dividing a complex number by a non-zero complex number is always a
complex number.

2 ltisgiventhatz=i(1+i)(2 +1)
Express z in the form a + bi, where a and b are integers.

Note: in this question, it would be appropriate for a student to evaluate on a calculator.

3 ltisgiventhatz=i(1+1i)(2 +1)
Show thatz =-3 +i

Note: in this question, a student would not receive credit full unless they clearly showed the
algebraic manipulation required.
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B3 Understand and use the complex conjugate; know that
non-real roots of polynomial equations with real
coefficients occur in conjugate pairs.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e use z* to denote the complex conjugate of z
e understand that if z=a+bithen zx=a-bi

e state aroot of a polynomial equation given one non-real root.

Examples

1 The complex number 2 + 3i is a root of the quadratic equation x*+ bx +¢ =0

where b and ¢ are real numbers.

(a)  Write down the other root of this equation.

(b)  Find the values of b and c.

. 1 .
2 ltisgiventhat z, = E—I
(@ (i) Calculate the value of z;? giving your answer in the form a + bi.

: : , 1
(i) Hence verify that z; is a root of the equation z° +z *+Z =0

(b)  Show that z, :1+i also satisfies the equation in part (a)(ii).

(c)  Show that the equation in part (a)(ii) has two equal real roots.
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AS and A-LEVEL TEACHING GUIDANCE

3 (a) Itisgiventhatz =X+ iy, where x and y are real numbers.
(@)  Find, in terms of x and y, the real and imaginary parts of (1 — 2i)z — z*

(b)  Hence, find the complex number z such that (1 — 2i)z — z* = 10(2 + i)

Version 2.0 11
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B4 Use and interpret Argand diagrams.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e represent a complex number by a point on an Argand diagram

e understand geometrical properties of complex numbers on an Argand diagram, for example, that
Z"is the reflection of z in the real axis.

Examples

1 Sketch an Argand diagram and clearly label the numbers i, i®, i°and i'°

2 A square is drawn on an Argand diagram, with its centre at 0.
The corners of the square are labelled A, B, C and D in a clockwise direction.

Given that A is at the point which represents —2 — 2i, state clearly the complex numbers that
represent the positions of B, C and D.

12
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B5 Convert between the Cartesian form and the modulus-
argument form of a complex number (knowledge of
radians is assumed).

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand the notation arg(z) for the argument and |z|for the modulus

e convert between z=a+biand z =r(cos@ +isind)

e use r =+/a’+b” for the modulus
b o

e use tanfd =— where —n <@ < nfor the principal argument
a

e understand the relationship between z and z* in modulus-argument form.

Examples

1 z=3-4i
Find arg(z), giving your answer to 2 decimal places.
. 2n
2 z=a+biwhere |Z|:10andarg(z):?
Find the exact values of a and b.
3 2=2-2i
(a)  Write zin the form r(cosé@+isin#)giving rand €in an exact form.

(b)  Write z"in the form r(cos@+isind) giving r and @in an exact form.
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B6 Multiply and divide complex numbers in modulus-
argument form (knowledge of radians and compound
angle formulae is assumed).

Assessed at AS and A-level

Teaching guidance

Students should be able to:

2|

12|

« understand and use |z,2,| =|z,|z,|and %

2

e understand and use arg(z,z,) = arg(z,) + arg(z,) and arg (ij =arg(z,)—arg(z,)
ZZ

e prove the results above.

Examples

1 Find A it z,= 2(cos£+isin£jand z,= 3(cos£—isin£j
z, 3 3 6 6

2 z,=p(cosA+isinA)and z, =q(cosB +isinB)

Prove that z,z, = pq(cos(A+ B)+isin(A+ B))

14
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3 The complex number z is defined by z = 13t

1-2i
@ () Express z in the form a + ib.

(i) Find the modulus and argument of z, giving your answer for the argument in the
form pr where -1 <p<1.

7
(b) The complex number z, has modulus 22 and argument —1—2
The complex number z, is defined by z, = zz;.
: T
()  Showthat |z,|=4 and argz, =5

(i) Mark on an Argand diagram the points P, and P, that represent z, and z,
respectively.

(i) Find, in surd form, the distance between P; and P,.

44+ 2]

3-1

4 The complex numbers z and w are such thatz = (4 + 2i)(3—1) and w=

(@) Express each of z and w in the form a + ib where a and b are real.
(b) () Write down the modulus and argument of each of the complex numbers 4 + 2i and
3-1.
Give each modulus in an exact surd form and each argument in radians between
-1 and m.
(i) The points O, P and Q in the complex plane represent the complex numbers
0 + 0i, 4 + 2i and 3 — i respectively.

Find the exact length of PQ and hence, or otherwise, show that the triangle OPQ is
right-angled.
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B7 Construct and interpret simple loci in the Argand
diagram such as |[z—a|<randarg(z —a) = 6
(knowledge of radians is assumed).

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e construct loci of equations or inequalities involving circles |z — zl| or half lines arg(z—z,)

e construct loci involving combinations of these

e use geometric properties to solve problems.

Examples

1  Sketch on an Argand diagrams the locus of points satisfying:

(@) |z|=3

(b) arg(z-1)=

NI

(€ |z-2-i|=5

2  Sketch on Argand diagrams the regions where:
@ |z-3i<3
5t

T i
b —< —-4-21)<
(b) > arg(z i) .

3  Sketch on an Argand diagram the region satisfying both |Z -1- i| <3 and 0<argz S%
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4 (a) Sketch on an Argand diagram the circle C whose equation is ‘z —\/5— i‘ =1

(b)  Mark the point P on C at which |z| is @ minimum. Find this minimum value.

(© Mark the point Q on C at which arg z is a maximum. Find this maximum value.
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B8 Understand de Moivre’s theorem and use it to find
multiple angle formulae and sums of series.

Only assessed at A-level

Teaching guidance

Students should be able to:

understand and use (cos@ +isinf)" = cos(nd) +isin(nd)

prove this result by induction

e find powers of complex numbers

1 1 . . . "
e use the results z+—=2cosfand z—-— = 2isind to prove trigonometric identities
z z

n
e use de Moivre’s theorem to find sums of series such as Zcos(r@)

r=1

e use results found to solve problems in areas such as, but not limited to, integration.

Examples

1
1 Show that cos’d = E(COS 50 +5c0s360 +10cos0)

1
2 (a) Use de Moivre’s theorem to show that if z = cosf + i sind then z" +—=2cosnd
z

1
(b)  Write down a corresponding result for z" o

(© Hence express cos*d sin?d in the form A cos 660 + B cos 46 + C cos 20 + D

where A, B, C and D are rational numbers.

18
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. . . 1 ..
3 (@ () Use de Moivre’s Theorem to show that if z = cos @ + isin § then z" —— = 2isinn@
z

; . - . 1
(i) Write down a similar expression for z" +—
z

1V (. 1Y
) () Expand (z——j (z+—j in terms of z.

z z

(i) Hence show that 8 sin®f cos?d = A + B cos 46 where A and B are integers.

2
(© Hence, by means of the substitution x = 2siné, find the exact value of J.l X°\4—x? dx

3tand—tan®6

4 Prove tan360 = >
1-3tan“@

1 .1
COS(E (n+ 1)6?)S|n(§ né)

5  Prove ) cos(rf) = 1
r=1 sin(E 0)
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B9 Know and use the definition €' = cos® + isind and the

form z = re'

Only assessed at A-level

Teaching guidance

Students should be able to:

« convert between the three forms of a complex number z =a+bi, z=r(cos@ +isind) and z =re"

« use z=re"to simplify calculations with complex numbers

e deduce expressions for sin@ and cosé in terms of exponentials.

Examples

e’ +e "’ . - . .
Prove that cosé = — and find a similar expression for sind

=

2 Express the following in the form re

(a) 1+i

(b)  3-i

©  3++43i
(d)  —2y/3+2i

i

3 Verifythat z=1+e5 is a root of the equation (z —1)° = -1

4 21=1+\/§iand 22:\/§—i
(a)  Write z,and z,in the form re'’ where r >0and ~-n<@<n

(b)  Hence show that if z” +2,° = X+iy then Y, ~3
X

20
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AS and A-LEVEL TEACHING GUIDANCE

(b)

(b)

o _io 0
Express e? —e 2 in terms of sinE

. 1 1 i
Hence or otherwise, show that - =————cot—, (e # 1)
e’ -1 2 2 2

2mi
() Showthat w=e 5 is one of the fifth roots of unity.

(i) Show that the other fifth roots of unity are 1, w?, w* and w*.

27
Letp=w+w*and g=w+w? where w=eg 5

(1) Show thatp+g=-1and pg=-1

(i) Write down the quadratic equations, with integer coefficients, whose roots are p and
g.

. . 2n 4n .
(i)  Express p and g as integer multiples of cos? and cos? , respectively.

. 2 4 .
(iv)  Hence obtain the values of COS?TC and cos?ﬁ in surd form.

Version 2.0
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B10 Find the n distinct nth roots of re'’ for r # 0 and know
that they form the vertices of a regular n-gon in the
Argand diagram.

Only assessed at A-level

Teaching guidance

Students should be able to:
e find the nth roots of unity

« solve equations of the form z" = a + bi using the form re'’
e understand the sum of the n distinct nth roots is zero

e show solutions on an Argand diagram.

Examples

1  Solve the following equations:

(@) 7*=16i

(b)y Z=1-i
©  z°=1-+/3i
d 2=

(e) (@+1)3’=8i

f  @-1°=2

2 (a)  Write down the modulus and argument of the complex number —64.

(b) Hence solve the equation z* + 64 = 0, giving your answers in the form r(cos@ + i sinf),
wherer>0and-n<6f<mn

(© Express each of these four roots in the form a + ib and show, with the aid of a diagram,

that the points in the complex plane that represent them form the vertices of a square.
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(b)

(b)

Express each of the complex numbers 1 + i and \/g—i in the form r(cosé + i sind),
wherer>0and-n<0<n

Using your answers to (a)

Ja-if
0 srowna ) 1
(1+1) 2 2

giving your answer in the form a + ib, where a and b are real numbers to be
determined to two decimal places.

(i) solve the equation z° =(1+ i)(\/g—i)

giving your answer in the form a + ib, where a and b are real numbers to be
determined to two decimal places.

Show that the non-real cube roots of unity satisfy the equation z2+z+ 1 =0

- . 1 1 1
The real number a satisfies the equation >+ > ==
a—w+w° ato-—-w 2

where o is one of the non-real cube roots of unity.

Find the possible values of a.

Version 2.0
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B11 Use complex roots of unity to solve geometric problems.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand and use the geometrical relationships between nth roots of unity

e use the fact that multiplication by a root of unity produces a rotation

e use algebraic solutions to deduce geometric properties.

Examples

b

1 (a) \Verifythat z, =1+e5 is a root of the equation (z — 1)° = —

(b) Find the other four roots of the equation.

(© Mark on an Argand diagram the points corresponding to the five roots of the equation.
Show that these roots lie on a circle and state the centre and radius of the circle.

(d) By considering the Argand diagram, find

(1) argz; in terms of t

y : T . :
(i) |zl| in the form acosB, where a and b are integers to be determined.

2 (a)  Write down the modulus and argument of the complex number —64.

(b)  Hence solve the equation z* + 64 = 0, giving your answers in the form r(cosé + i sind),
wherer>0and n<6<mn

(© Express each of these four roots in the form a + ib and show, with the aid of a diagram,
that the points in the complex plane which represent them form the vertices of a square.

(d) Using a suitable root of unity, find the complex numbers that represent the four vertices of

. . . 21 .
the square in part (c) after a clockwise rotation of ? radians.
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3 (a)
(b)
(©)
4 (a)
(b)
(©)

(d)
(e)

g 18 0
(1 Express €2 —e 2 in terms of sinE

. 1 1 1 0 ;
(i) Hence, or otherwise, show that —— =—=——cot—, (e ? % 1)
e’ -1 2 2 2

Derive expressions, in the form e' where —t < 6 <, for the four non-real roots of the
equation z° = 1.

6
. w+1
The equation (—j =1 (*) has one real root and four non-real roots.
w

(1) Explain why the equation only has five roots in all.
(i) Find the real root.

1 1 1

(i)~ Show that the non-real roots are , : ,
z-1 2,-1 z,-1 z,-1

where 2, Z,, Z3 and Z, are the non-real roots of the equation %=1

(iv)  Deduce that the points in an Argand diagram that represent the roots of
equation (*) lie on a straight line.

Express the complex number 2 + 2i in the form re' wherer>0and-n<6<n

i

() Show that one of the roots of the equation z°® = 2 + 2i is 212

(i) Find the other two roots, giving your answers in the form re’, where r is a surd and
—n<O<m

Indicate on an Argand diagram points A, B and C corresponding to the three roots found
in part (b).

Find the area of the triangle ABC, giving your answer in surd form.

The point P lies on the circle through A, B and C.
Denoting by w,«, f and y the complex numbers represented by P, A, B and C,

respectively, show that ‘ (w— 05)2 Jr(W—ﬁ’)2 + (W—J/)z ‘ =6

Version 2.0
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Matrices

Cl1 Add, subtract and multiply conformable matrices;

multiply a matrix by a scalar.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

understand what is meant by the order or dimensions of a matrix; a matrix with m rows and n
columns is said to have order mxn

understand that matrices must have the same order if they are to be added or subtracted

understand commutativity of addition; for any two matrices that can be added (ie which have the
same order), A+B=B +A

understand that two matrices can only be multiplied if the number of columns in the left matrix
equals the number of rows in the right matrix

understand non-commutativity of multiplication; it cannot be assumed that AB = BA even when
both products exist

use the distributive law; for any matrices of appropriate orders, A(B + C) = AB + AC
and (U + V)W = UW + VW

use the associative law. For any matrices of appropriate orders, A(BC) = (AB)C
understand how to transpose a matrix and the notation M"
understand and use the result (AB)"= BTA'

understand how to multiply (or factorise) a matrix by a scalar.

Examples

1

Which of the following matrices can be multiplied by themselves?
Circle your answer(s).

11 3 -1 1
10
A=[3 1 B=|1 -1 2 C=(1 1 4) D:[0 J
12 2 1 -3

26

Version 2.0



AS and A-LEVEL TEACHING GUIDANCE

Aisal x 3 matrix and B is a 4 x 2 matrix.
Given that the products AX, XB, BY and YA can all be found, what are the orders of X and Y?

(@)  Find A%, B% AB and BA.
(b)  Find A + B and verify that (A + B)? = A*+ AB + BA + B2

(© Find 3A — 2B.

2 31
The matrices A and B are defined by A = P B=
4 p 2 3

(a) Find, in terms of p, the matrices:
(i) A-B
(i)  AB.

(b) Show that there is a value of p for which A — B + AB = kl, where k is an integer and | is
the 2 x 2 identity matrix, and state the corresponding value of k.

9 1 14 2
The 2x2 matrices A and B are such that AB = (7 13] and BA = ( 1 8}

Without finding A and B, determine the 2 x 2 matrices C and D given by C = (B'A') and
D = (A"B") "where M" denotes the transpose of matrix M.

The matrices A, B, C, M and N are such that M = AB and N =BC
Explain why AN = MC.

Version 2.0
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C2 Understand and use zero and identity matrices.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e understand that a zero matrix is any matrix with all its elements equal to zero, denoted by 0

e understand and use A + 0 = A, OB = 0 and CO = 0 for matrices of suitable orders

e understand that an identity matrix is any square matrix in which all of the elements on the leading

diagonal are 1 and all other elements are zeros. Such a matrix is denoted by |

e understand and use Al = A and IB = B for matrices of suitable orders, In particular, for any square

matrix M of the same order as |, Ml = IM = M.

Examples

1 The matrices A and B are defined in terms of a real parameter t by

1 2 1 15 -4 -1
A=12 t 4| and B=| -2t 4 2
3 2 -1 17 -4 -3

Find, in terms of t, the matrix AB and deduce that there exists a value of t such that AB is a
scalar multiple of the 3 x 3 identity matrix I.

2 Given that A is the matrix [6

1
3) , find a non-zero matrix B such that AB = 0.

) 3 -2
3 Let the matrix M =
1 0

(@  Show that M* —3M+2I=0

(b)  Use the result from part (a) to prove that M® —63M+ 62 =0

28
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C3 Use matrices to represent linear transformations in 2D;
successive transformations; single transformations in
3D (3D transformations confined to reflection in one of
X =0,y =0, z=0 or rotation about one of the
coordinate axes, knowledge of 3D vectors is assumed).

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand and use standard matrices that represent the following transformations in 2D:

Anticlockwise rotation through € about O:

cosf —sind
sin@ cosd

Reflection in the line y = (tand) x:

cos 26 sin20
sin20 —cos?26

a o 10
Stretches parallel to the coordinate axes: or
0 1 0 b
o a o0
Enlargement centre the origin: 0 a

Version 2.0 29
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e understand and use standard matrices that represent the following transformations in 3D:

Rotations through an angle @about one of the axes:

1 0 0
0 cos@ -—sind
0 sindg cosd

cos¢ O sind
0 1 0
-sind 0 cosd

cosfd -singd O
sing cos@ O
0 0 1

Reflection in X = 0;

Reflectioniny = 0:

Reflection in z = 0O:

for the z-axis

o O

o O B

for the x-axis

for the y-axis

00
10
01
0 O
-1 0
0 1
0 O
1 0
0 -1

e use the unit square or the unit cube to deduce the matrix which represents a given transformation

e understand the order in which matrices should be multiplied when dealing with successive

transformations.

30
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Examples
1  The diagram below shows a rectangle R, which has vertices (0, 0), (3, 0), (3, 2) and (0, 2).

VA

0 5 10 x

(a) On the diagram, draw

() the image R, of R; under a rotation through 90° clockwise about the origin

4 0
(i) the image R; of R, under the transformation which has matrix (0 2}

(b) Find the matrix of
() the rotation that maps R; onto R,

(i) the combined transformation that maps R; onto R;

2 (a) Write down the 2 x2 matrix corresponding to each of the following transformations:
(b) a rotation about the origin through 90° clockwise
(© a rotation about the origin through 180°.

3 The plane transformation T is the composition of a reflection in the line y = x tan followed by
an anticlockwise rotation about O through an angle .

Determine the matrix that represents T, and hence describe T as a single transformation.
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10 0 1 0 O
The matrices M, =|{0 0 -1land Mz=|0 -1 O
010 0 0 1

represent the transformations A and B respectively.

Give a full geometrical description of each of A and B.

1 0 0
5 Thematrix |0 -0.6 -0.8| represents a rotation.
0O 0.8 -06

(a) State the axis of rotation.

(b) Find the angle of rotation, giving your answer to the nearest degree.
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C4 Find invariant points and lines for a linear
transformation.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e state invariant lines and points of some simple transformations
e understand the difference between an invariant line and a line of invariant points

e use invariant lines and points to understand and describe a transformation.

Examples
4 1 2
1 Find a line of invariant points for the transformation with matrix M=|{2 6 6
8 -6 -3

2 Find all invariant lines of the form y = mx, for the matrix transformations:

5 15
@ (5%

3 -5
o (23
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_ o X' 2 -1\ X
3 The transformation T maps (X, y)to (X, y’) where [ J :( 1 2][ j
y - y

(@)

(b)

(c)
(d)

(@)

(b)

Describe the difference between an invariant line and a line of invariant points of T.

2 _
Evaluate the determinant of the matrix ( L 2}

and describe the geometrical significance of the result in relation to T.

Show that T has a line of invariant points and find a Cartesian equation for this line.

@ Find the image of the point (X, —=x + ¢) under T.

(i) Hence show that all lines of the form y = 0 — x + ¢, where ¢ is an arbitrary constant,

are invariant lines of T.

10 0
Describe the transformation with matrix M={0 0 -1
01 0

State the line of invariant points for this transformation.
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C5 Calculate determinants of 2x2 matrices and 3x3
matrices and interpret as scale factors, including the
effect on orientation.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e use the notation det(A) or |A| for the determinant of a matrix A

e calculate determinants of 2 x 2 matrices, with and without a calculator
e understand and use the result det(AB) = det(A) x det(B).

Examples

9 1 14 2
1 The 2 x2 matrices A and B are such that AB = [7 13} and BA = { 1 8}

Without finding A and B, find the value of det B, given that det A = 10.

2 Find the determinants of the following matrices:

2 1
@ 1 3
) 3 -2
(b) 1 9
2 5
(©) P
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Only assessed at A-level

Teaching guidance

Students should be able to:
e calculate determinants of 3x3 matrices using a calculator

e understand the geometrical significance of determinants of 2x2 matrices and 3x 3 matrices as
area and volume scale factors

e understand the implications of a negative determinant.

Examples

1 Which of the following matrices represents a transformation involving a reflection?
2 1 3 2 2 5
1 -3 -1 2 -2 0
2 A 2x2 matrix M represents a rotation of 90° clockwise about the origin, followed by an
enlargement of scale factor 2, and then a reflection in the x-axis.

(@) Write down |M|

(b) Check your answer to part (a) by finding M

13 -1
3 (a) Evaluate the determinant of the matrix M=| 2 3 1
4 0 -5

(b) A three-dimensional shape S, with volume 12 cm® is transformed by a transformation with
matrix X.

Find the volume of the image of S when

() X=M

1
(i) X =MN? where Nis a3 x 3 matrix and det NZE
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Cé6 Understand and use singular and non-singular
matrices; properties of inverse matrices.

Calculate and use the inverse of non-singular 2x2
matrices and 3x 3 matrices.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand use the fact that a matrix is singular if and only if it has a determinant of zero

understand that singular matrices do not have inverses

e understand that transformations represented by singular matrices cannot be inverted

e use the notation M™to denote the inverse of M

N
W

 understand, prove and use the result (AB)_l =B 'A™

 understand, prove and use the result |M| =

e use the definition MM™ =M"M = | for any non-singular matrix M
e make use of calculator technology to find the inverse of a numeric 2x 2 non-singular matrix

e understand and demonstrate the standard algorithm to find the inverse of a 2x2 non-singular
matrix

e use inverse matrices to solve problems. Problems may include, for example, solving a pair of
simultaneous equations, reversing a transformation or application to geometric context.

Examples

1 Which of these matrices is singular?

55 &

Circle your answer.
2 5
-2 0

a
2 For what values of a does the matrix (

1 J not have an inverse?
-1 a

Version 2.0 37



AQAH

3 4
3 Find the inverse of the matrix (4 5]

3 1
4 Let A be the matrix [5 j

(a) Showthat A>-2A-8I=0

(b)  Letthe matrix B=A™.

By multiplying the equation in part (a) by B, find the values of the scalars « and f# such
that B = oA + Sl

a 1) . .,
5 (@) A= ) a find A

(b)  Hence solve the simultaneous equations
ax+y=1
ay—2x=1

giving your answers in terms of a.

6 ltis given that A and B are matrices such that det(AB) = 24 and det(A ™) = -3
State the value of det B.

1 -2
7 (a) The plane transformation T has matrix (2 L j

X X
and maps points (X, y) onto image points (X, Y) such that (Y ): A( j
y

(b)  Find A™.

(c)  Hence express each of xand y in terms of X and Y.
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Only assessed at A-level

Teaching guidance

Students should be able to:
e make use of calculator technology to find the inverse of a numeric 3 x 3 non-singular matrix

e understand and demonstrate a standard algorithm to find the inverse of a 3 x 3 non-singular
matrix

e use inverse matrices to solve problems. Problems may include, for example, solving three
simultaneous equations, reversing a transformation or application to geometric context.

Examples
. 1 3 1
1 Fork;tz,findthe inverse of the matrix M=| k 0 1
-1 2 0
a b o
2 (a) Thematrix Aisdefinedby A=/0 a b
b 0 a
(b)  Given that A™ exists, show that a #-b
(c)  Find A'in terms of a and b.
4 -1 2
3 Thematrix P=| 1 1 3| where ais constant.
-2 0 a

(@) (i) Determine detP as a linear expression in a.
(i) Evaluate detP in the case when a = 3.
(i) Find the value of a for which P is singular.
(b)  The 3 x 3 matrix Q is such that PQ = 25I.
Without finding Q
(i) write down an expression for P~ in terms of Q
(i) find the value of the constant k such that (PQ) ™ =kl

(i)  determine the numerical value of detQ in the case when a = 3.
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4 (a) Find the inverse of A =

(b)  Theimage of

Find X, y and z.

1 1 2

0 3 1

2 -1 1
X 1 1 2
y | when transformedby |0 3 1
7 2 -1 1

is

0
2
0
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C7 Solve three linear simultaneous equations in three
variables by use of the inverse matrix.

Only assessed at A-level

Teaching guidance

Students should be able to:
e convert between three simultaneous equations and matrix equations
e understand conditions when the equations do not have a unique solution

e find solutions by multiplying by an inverse matrix.

Examples

1  Show that the system of equations
3X-y+3z=11
4x +y -5z =17
5Xx — 4y + 14z = 16

does not have a unigue solution.

10 -1
2 Thematrix Aisgivenby A=|1 2 1
2 2 3
r -2 2
. 1 ,
(a)  Given that A‘1=E -1 5 -2 |find the value of r and the value of s.
2 s 2

(b)  Hence, or otherwise, find the solution of the system of equations
Xx-z=Kk
X+2y+z=5
2X+2y+32=7

giving your answers in terms of k.
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, where K is a constant.

~ X b
R W N

1
3 The matrix M=| 3
2

(@) Show that M is non-singular for all values of k.
(b)  Obtain M in terms of k.
(c)  Use M™ to solve the equations

X+4y+27=25
3X+ky+3z=3
2Xx+ky+z=2

giving your solution in terms of k.
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C8 Interpret geometrically the solution and failure of
solution of three simultaneous linear equations.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand that equations in three variables represent planes

e distinguish between:

The equations have no solutions, they are Two of the planes are parallel.
said to be inconsistent. The three planes form a triangular prism.
There are infinitely many solutions, but no The three planes form a sheaf, and intersect
unique solution. The equations are along a line, or two of the planes are the
consistent. same.
There is a unique solution, the equations are | The three planes intersect at a unique point.
consistent.

Examples

1 A system of equations is given by

X+3y+5z2=-2
X—-4y+22=7
ax+ 11y +13z=D
where a and b are constants.
(@) Find the unique solution of the system in the case whena =3 and b =2

(b)) () Determine the value of a for which the system does not have a unique solution.

(i) For this value of a, find the value of b such that the system of equations is
consistent.
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Consider the following system of equations, where K is a real constant.
kx +2y+z=5
X+ (k-1)y+2z2=3
2x + 2ky + 3z = -11

(a) Show that the system does not have a unique solution when k* = 16
(b) In the case when k = 4, show that the system is inconsistent.
(©) In the case when k = -4

@ solve the system of equations

(i) interpret this result geometrically.
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C9 Factorisation of determinants using row and column
operations.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand and use permissible row and column operations to find factors
e use symmetry to find factors

e use the factor theorem to find factors.

Examples

y X x+y-1
1 Factorise completely the determinant | X y 1
y+1 x+1 2

a b c
2 (a) Show that (a—b) is a factor of the determinant A=|b+c c+a a+b
bc ca ab

(b) Factorise A completely into linear factors.
1 a* bc

3 Express the determinant |1 b® ca| as the product of four linear factors.
1 ¢* ab
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C10 Find eigenvalues and eigenvectors of 2x2 and 3x3
matrices.

Find and use the characteristic equation.

Understand the geometrical significance of eigenvalues
and eigenvectors.

Only assessed at A-level

Teaching guidance

Students should be able to:

understand the definitions of eigenvalues and eigenvectors
form and solve the characteristic equation to find eigenvalues
find eigenvectors for corresponding eigenvalues

understand and use links to invariance.

Examples

-8 4
1 Find the eigenvalues and eigenvectors of the matrix M =£ ]

25 12

3 -11
let Y={-1 3 1
1 1 3

(a) Show that 4 is a repeated eigenvalue of Y, and find the other eigenvalue of Y.
(b) For each eigenvalue of Y, find a full set of eigenvectors.

(© The matrix Y represents the transformation T.

Describe the geometrical significance of the eigenvectors of Y in relationto T.

46

Version 2.0



AS and A-LEVEL TEACHING GUIDANCE

2 -1 1
3 The non-singular matrix M={1 0 1
1 -1 2

@ () Show that M? + 21 = kM for some integer k to be determined.

(i) By multiplying the equation in part (i) by M™, show that M™ = aM + bl for constants
a and b to be found.

(b) () Determine the characteristic equation of M and show that M has a repeated
eigenvalue, 1, and another eigenvalue, 2.

(i) Give a full set of eigenvectors for each of these eigenvalues.

(i)  State the geometrical significance of each set of eigenvectors in relation to the
transformation with matrix M.

4 (a)  Given that -1 is an eigenvalue of the matrix M =

N N
N DN
W NN

find a corresponding eigenvector.

(b) Determine the other two eigenvalues of M, expressing each answer in its simplest surd
form.

5 The matrix M :[ 5

2 :
3) represents a transformation.

@) Find detM and give a geometrical interpretation of this result.

(b)  Show that the characteristic equation of M is 12 —21+1=0, where is an eigenvalue of
M.

(© Hence find an eigenvector of M.

(d) Write down the equation of the line of invariant points of the transformation.
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Cc11 Diagonalisation of matrices; M = UDU™; M" = UD"U™
when eigenvalues are real.

Only assessed at A-level

Teaching guidance

Students should be able to:

e understand the term diagonal matrix

» understand how to use the eigenvalues and eigenvectors to form U and D in M = UDU™

 understand when it is not possible to write M as M = UDU™

e use M =UDU™to find M" and show how terms cancel.

Examples

4 2
1 Express [ J in the form VDV, where D is a diagonal matrix.

1
2 The 2 x 2 matrix M has an eigenvalue 3, with corresponding eigenvector [2}

1
and a second eigenvalue —3, with corresponding eigenvector [4} :

The diagonalised form of M is M = UDU™
@ (@) Write down suitable matrices D and U and find U™,
(i) Hence determine the matrix M
(b)  Given that n is a positive integer, use the result M" = U D"U™ to show that:
(i) when n is even, M" = 3"l

(i) whennisodd, M"=3"Mm
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a b+a
3 For all real numbers a and b, with b #0 and b # + a, the matrix M = (b j
-a -a

(@ () Show that the eigenvalues of M are b and -b

b+a
(i) Show that (b ] is an eigenvector of M with eigenvalue b

(i) Find an eigenvector of M corresponding to the eigenvalue —b

(b) By writing M in the form UDU™, for some suitably chosen diagonal matrix D and
corresponding matrix U, show that nM*! = b*°M

1 2
4 (a) Find the eigenvalues and corresponding eigenvectors of the matrix X = (5 4]

(b) ()  Write down a diagonal matrix D and a suitable matrix U, such that X = UDU™
(i) Write down the matrix U™

(i) Use your results from parts (i) and (i) to determine the matrix X° in the form, where
a, b, c and d are integers.

-1 9 -5
5 (a) Express M= 1 1 3 -1|inthe form VDV ~, where D is a diagonal matrix.
-4 0 -2

(b) Hence find M" for any integral n.
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Further algebra and functions

D1 Understand and use the relationship between roots and
coefficients of polynomial equations up to quartic
equations.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

understand and use the sum and product of the roots of a quadratic equation:

. b C
For ax”+bx+c =0 with roots  and Sthen a+f=-— and aff =—
a a

e understand and use the relationship between the roots of a cubic equation and its coefficients:
. b
For ax®+bx* +cx+d =0 with roots «r, B and y then D a=a+f+y=-—,
a

Z“ﬂ:“ﬂ+ﬂ7+7a=£and aﬂy:_g
a a

e understand and use the relationship between the roots of a quartic equation and its coefficients:
, b C
For ax* +bx® +cx® +dx+e =0 with roots &, .7 and & then Y a=-=,> aff=—,
a a

e

> apy =—% and aﬂ75=5

e use the relationships between the roots to form new equations

e recall or derive and use standard algebraic results such as, but not limited to:
a’ + B :(a+/3)2 —2af
a®+ B :(05+,B)3 -3af(a+pB)
> a?= (Za)z -2) ap
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Examples

1 The quadratic equation 2x* + 8x + 1 = 0 has roots o and 3
(a)  Write down the value of a + £ and the value of o/
() () Find the value of o® + 2

449

(i)  Hence or otherwise, show that o* + * = .

(c)  Find a quadratic equation, with integer coefficients, which has roots

1 1
4 4
20 +—2and Zﬂ +?

2 The cubic equation 27z° + kz> + 4 = 0 has roots a, f and y
(a)  Write down the values of o+ fy+vya and oSy
by () In the case where =y, find the roots of the equation.

(i) Find the value of k in this case.
(c) (i) In the case where a= 1 — i, find o and o®
(i) Hence find the value of k in this case.

(d) In the case where k = —-12, find a cubic equation with integer coefficients which has roots

i+1, i+1 and 1+1

o B Y

3 The roots of the equation x* — px® +qgx* — pgx+1=0are o, 3,y,and &.

Show that (o.+ B+7)(a+S+6)(a+y+35)(B+y+5)=1

4 The equation x> +7x+8=0has roots o, fand y.

Find the equation whose roots are o® +1, > +1and y* +1.
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D2 Form a polynomial equation whose roots are a linear
transformation of the roots of a given polynomial
equation (of at least cubic degree).

Assessed at AS and A-level

Teaching guidance

Students should be able to apply a linear transformation of the form X — aX +b to form an equation
with the required roots.

Examples

1 The cubic equation X* — 3x* + 4 = 0 has roots a, # and
Find the cubic equations with roots

(a) 20, 2 and 2y

(b) a—2, f—2and y-2

2 The roots of the equation x* — px® + x> —6x+1=0are a,3,y,and &.

E,Z andé

Find the quartic equation whose roots are g,
2 2 2 2
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D3 Understand and use formulae for the sums of integers,
squares and cubes and use these to sum other series.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand and apply the formulae:

- 1 - 1 : 1
r:En(n+1), >or? :En(n+1)(2n+1) and ) r® :an(n+1)2
r=1 r=1

r=1

e prove these results.

Examples

1 Show that Zn:(rz - r) =kn(n+1)(n—1) where k is a rational number.

r=1

2 (a) Use the formulae for Zn:rz and Zn:r to show thathZZr(Sr +2)=n(n+p)(2n+q)
r=1

r=1 r=1

where p and q are integers.
(b) @ Express logs 4" in the form Ar , where Ais a rational number.

(i) By first finding a suitable cubic inequality for k, find the greatest value of k for which

60

D" (3r+2)log,4" is greater than 106 060

r=k+1

2n
3 Find an expression in terms of n for Z(r +1)?

r=n
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4 (a) Find Z(r3 —Gr) expressing your answer in the form kn(n + 1)(n + p)(n + Q)

r=1

where K is a fraction and p and q are integers.

(b) Itisgiventhat S = f(r‘? —6r)

r=1

Without calculating the value of S, show that S is a multiple of 2008.
5 (a) () Expand(2r-1)>°

; C 2_1 2

(i) ~ Hence show that ) (2r-1) = gn(4n —1)

r=1

(b)  Hence find the sum of the squares of the odd numbers between 100 and 200
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D4 Understand and use the method of differences for
summation of series including use of partial fractions.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e demonstrate how to use the method of differences to find the summation of a series, clearly
showing how the process works

e select and use the method of differences, recognising when the method can be applied

appropriately.
Examples
. . . L1 1
1  Use the method of differences to find an expression for T
= r+

2 (a) Simplify r*(r+1)° —(r-17r?

n
1
(b)  Hence prove the result » r° = an(n +1)°

r=1

Only assessed at A-level

Teaching guidance

Students should be able to rearrange an expression using partial fractions so that the method of
differences may be applied.

Example

4 1
S th i
L >Sumine seres ,Z_llr(r+1)(r+2)(r+3)

Version 2.0 55



AQAH

D5 Find the Maclaurin series of a function including the
general term.

Only assessed at A-level

Teaching guidance

Students should be able to:

2 r
e understand and use f(x)=f(0)+ xf'(0) + %f”(o) + ...+X—|f M (0) +... to find the series expansion
! r!

of a function

e use Maclaurin series to solve problems, which may include finding approximations for particular
values of a function or definite integrals.

Examples

1 By using Maclaurin’s theorem, or otherwise, show that the first two non-zero terms in the
3

expansion, in ascending powers of X, of tan X are x+?

2 (a) Use Maclaurin’s Series to find an expression for sin™x as a series of ascending powers of
X up to and including x°

(b) Show how you can use the expansion you found in part (a) to find an approximation for «

3 (a) Find the Maclaurin expansion for Incos x in ascending powers of X up to and
including x*

2 2
(b) By substituting an appropriate value for x show that In2 = f—6(1+ 3_6]
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D6 Recognise and use the Maclaurin series for &%,
In (1 + Xx), sin X, cos X, and (1 + x)", and be aware of
the range of values of x for which they are valid (proof
not required).

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand and apply the standard results

. x> X
e* =exp(x) :1+X+§+'"_|+"' for all X
! r!

x? X o1 X'

In(1 =X——+——...+(-1) —+... -1 <1
n(1+x)=x 2+3 +(-1) r+ (-1<x<1)

3 5 2r+1
sinx:x—EJrE—...Jr(—l)r (2r+1)!+...for all x

2 X4 . 2r
cosx=1-—+——..+(-1) +...for all x

21 4 (2r1)

n(n-1) , n(n-1)..(n-r+1)

(1+x)":1+nx+Tx T X" ... (|x|<1,neR)

1.2.r

e use these standard results to find expansions of related functions and their domain of validity.

Examples

1 () Expand each of the following functions as a series in ascending powers of x, up to and
including the term in x*

() In(L-x)
(i)  e‘@-2x?3
(i) e +2sinx

In(1+X)
1+ 3X

(iv)

(b) For each of the series expansions, determine the range of values for x for which the
expansion is valid.
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2 (1) Expand In(1 — 2x) as a series in ascending powers of X, up to and including the term in x°

(b) Determine the range of validity of this series.

1
3 The function f(x) is defined by f (x) = a(1+2x)? —In(1+3x) where a is a contant.

When f(x) is expanded as a series in ascending powers of X, there is no term in X
€) Find the value of a
(b) Obtain the first two non-zero terms in the expansion.

(© Determine the values of X for which the expansion of f(x) is valid.
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D7 Evaluation of limits using Maclaurin series or ['Hopital's
rule.

Only assessed at A-level

Teaching guidance

Students should be able to:
e demonstrate an understanding of the limiting process used.

e use Maclaurin’s expansion together with any necessary algebraic manipulation before taking limits

€9 NN G5 ()
lim = lim——=, provided that f(Xx)=g(x)=0o0rf(x)=g(x)=+w and lim—
Loy (x)=9(x)=00rf (x)=9(x) I )

e apply I'Hopital's rule once or more than once, together with any necessary algebraic manipulation
to find a limit.

e understand the circumstances under which I'H6pital's Rule may be applied:

exists

Examples
. 1, 1,
1 (a) Show that In(1+smx):x—5x TS+

In(1+sinx)—x
2

(b) Hence find lim

X—0 X

X
2 (a) Find the first three non-zero terms in the expansion of
In(1+x)

as a series in ascending powers of X

(b)  Hence find lim t 1
o In(1+X) X

X—sin X
3

3  Using I'Hopital's rule evaluate the limit lim
X—0 X
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D8 Inequalities involving polynomial equations (cubic and
quartic).

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand how to manipulate inequalities correctly (avoiding errors introduced through
multiplication by negatives etc)

e consider critical values and give solution sets using correct interval or set notation

e use appropriate calculator technology to find numerical solutions.

Examples

1 Solve the inequality (X +1)(x +4)(x —1)(x —2) < 2(x -1)*(x - 2)*

2 The function f is defined by f(x)=x*-6x’+4x>+6Xx-5, xeR
(a)  Solve the inequality f(x) <0

(b) f(x) is transformed by a stretch in the y-direction scale factor —a, where a is a positive
constant, to form the function g(x)

Solve the inequality g(x) <0
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b9 Solving inequalities such as ax+b <ex+ f

cx+d
algebraically.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e solve such inequalities by multiplying by the square of the denominator and understand why this is
important

ex+ f)(cx+d
e solve such inequalities by rearranging to the form ax+b - ( )( )

<0 and considering

cx+d cx+d
critical values.
Examples
. . bXx
1  Solve the inequality 1 <3
. . —3X
2 A student solves the inequality <7
The student’s working is shown below:
9-3x
<7
X-3

=9-3x<7(x-3)

=9-3x<7x-21

= 30 <10x

SX>3
Explain the error in the student’s reasoning.
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D10 Modulus of functions and associated inequalities.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand how to manipulate expressions containing modulus functions

e solve equations and inequalities involving modulus functions.

Examples

. . |2x—1]
1  Solve the inequality X >1
X+5

2 (a) Solve the equation ‘xz —4‘ =2X+4

(b)  Hence solve ‘xz —4‘ >2X+4

3 Find the exact solutions of the equation |sinh x| =1
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D11 Graphs of y=f(x

—— for given y=f(x).

( )

Only assessed at A-level

Teaching guidance

Students should be able to:
e produce clear and useful sketches with f(x) given either algebraically or in graphical form

e include important features on their sketches such as intercepts with coordinate axes, stationary
points and asymptotes

e analyse the behaviour of a graph near critical values

e understand the behaviour of the reciprocal of f(x) as f(x) - 0or f(X) -+

e use their sketches to solve problems.
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Examples

1 The graph of y=1f(x)is shown below:

yll

(-1,0) (1,0)

=y

,-1)

(a)  Sketch the graph of y= |f (x)|

(b) Sketch the graph of y= i

f(x)

2 By drawing a suitable sketch, show that the equation [sinh X|+cosh x = 2 has exactly two
solutions.
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D12 ax+b

Graphs of rational functions of form ———;
cx+d

asymptotes, points of intersection with coordinate axes
or other straight lines; associated inequalities.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e produce clear and useful sketches

e include important features on their sketches such as intercepts with coordinate axes and
asymptotes

e solve simultaneous equations to find points of intersection

e use their sketches to solve inequalities.

Examples

3x-1

1 Acurve has equationy =
X+2

(@) Write down the equations of the two asymptotes to the curve.

(b) Sketch the curve, indicating the coordinates of the points where the curve intersects the
coordinate axes.

. : . 3x-1
(© Hence, or otherwise, solve the inequality 0 < <3

X+1 .
2 (a)  Sketch the graphs of y = izand 2y —2x =1 on the same axes, clearly labelling any
X+

points of intersection and asymptotes.

2X+2
(b) Hence, solve the inequality >2X+1
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2
— Graphs of rational functions of form ax2 thx+e :
dx® +ex+ f

including cases when some of these coefficients are
zero; asymptotes parallel to coordinate axes; oblique
asymptotes.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

produce clear and useful sketches

include important features on their sketches such as intercepts with coordinate axes and
asymptotes parallel to the coordinate axes

solve simultaneous equations to find points of intersection

use their sketches to solve problems.

Examples

1

A curve has equationy =

X° -4
(@ ()  Write down the equations of the three asymptotes of the curve.

(i) Sketch the curve, showing the coordinates of any points of intersection with the
coordinate axes.

. . . 1
(b) Hence, or otherwise, solve the inequality 2 <=2

X2

2
. . X° +2X
(@)  Find the equations of the asymptotes of the curve y = ————
X =2X+1
X2 +2X
(b)  Given that the curve has one stationary point, sketch the graph of y = —— il
X —2X+
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Only assessed at A-level

Teaching guidance

Students should be able to:
e understand and use the concept of an oblique asymptote

e find the equation of an oblique asymptote.

Examples
. . x> —x+1
1 Find the equations of the asymptotes of the curve y = e
X+
. . ax’ +bx+1
2 Acurve, with equationy = ECVITEE has an asymptote y =2x
X+

(a) Find the values of aand b
(b) Write down the equation of the other asymptote.

(© Without using calculus, find the coordinates of the turning points.

(d) Sketch the curve.
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D14 Using quadratic theory (not calculus) to find the possible
values of the function and coordinates of the stationary
points of the graph for rational functions of form

ax” +bx+c
dx® +ex + f

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e use the discriminant of a quadratic to determine when a horizontal line is a tangent to a curve and
deduce the turning points of the curve

e use the discriminant of a quadratic to determine when a horizontal line does (or does not) intersect
a curve and deduce the range of the associated function.

Note

The term ‘range’ will not be used at AS.

Examples

X_
1 Agraph has equation y =—;
X“+9

(a) Explain why the graph has no vertical asymptote and give the equation of the horizontal
asymptote.

(b)  Show that, if the line y = k intersects the graph, the x-coordinates of the points of
intersection of the line with the graph must satisfy the equation kx> —x + (9k + 4) = 0

c
(©) Show that this equation has real roots if —% <k < %

(d)  Hence find the coordinates of the two stationary points on the curve.
Note: no credit will be given for methods involving differentiation.
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2 Acurve C has the equation y =
X(x—4)

(a) Write down the equations of the three asymptotes of C.

(b) The curve C has one stationary point.

By considering an appropriate quadratic equation, find the coordinates of this stationary
point.

Note: no credit will be given for solutions based on differentiation.

(c) Sketch the curve C.
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Only assessed at A-level
Teaching guidance

Students should understand the language associated with functions.

Examples

2
1 The function f is defined by f(x) = w

3 with domain xe{xeR:x#a,x#b}
Clearly showing your reasoning,

(a) find the values of aand b

(b) find the equations of all the asymptotes to the curve y = f(x)

(c) without using calculus, find the range of f

(d) find the coordinates of the two turning points.

(e) sketch the curve.
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D15 Sketching graphs of curves with equations y* = 4ax,
2 2 2 2

X X
= 4 % =1, pain g—z =1, xy = c’including intercepts

with axes and equations of asymptotes of hyperbolas.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e recognise the equations of a parabola, hyperbola and ellipse and sketch their graphs
e find points of intersection with the coordinate axes, straight lines or other curves

¢ find the equations of asymptotes, tangent and normal.

Examples

2 2

1 A curve C; has equation L =1

16

Sketch the curve C,, stating the values of its intercepts with the coordinate axes.
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. . . 1 :
2 The diagram shows a parabola, P, which has equation y :gxz, and another parabola, Q, which

is the image of P under a reflection in the line y = X
The parabolas P and Q intersect at the origin and again at a point A.

The line L is a tangent to both P and Q.

yil

=y

N

(@) (i) Find the coordinates of the point A.
(i) Write down an equation for Q.
(i)  Give a reason why the gradient of L must be -1

(b) () Given that the line y = —x + c intersects the parabola P at two distinct points, show
thatc > -2

(i) Find the coordinates of the points at which the line L touches the parabolas P and

Q.

Note: no credit will be given for solutions based on differentiation.
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2
3 A hyperbola H has the equation%— y> =1

(a) Find the equations of the asymptotes of H.

(b) The asymptotes of H are shown in the diagram below.

On the same diagram, sketch the hyperbola H. Indicate on your sketch the coordinates of
the points of intersection of H with the coordinate axes.

VA

=Yy

73

Version 2.0



AQAH

An ellipse is shown below.

VA

The ellipse intersects the x-axis at the points A and B.

2
The equation of the ellipse is u+ y> =1

(a) Find the x-coordinates of A and B.

(b) Theline y =mx (m > 0) is a tangent to the ellipse, with point of contact P.

()  Show that the X-coordinate of P satisfies the equation (1 + 4m?)x*—8x + 12 =0
(i) Hence find the exact value of m
(i) Find the coordinates of P.
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D16 Single transformations of curves involving translations,
stretches parallel to coordinate axes and reflections in
the coordinate axes and the lines y = = Xx.

Extend to composite transformations including rotations
and enlargements.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e determine the equation of a parabola, hyperbola or ellipse following a single transformation of
either a stretch parallel to one of the axes, a reflection in one of the axes or a translation

e determine the transformation that has been applied by considering the equation.

Notes

. , - _ T
Rotations will be limited to multiples of E or 90°

Examples

2 2

1 A curve C; has equation E_y_ =1

16

(a) Sketch the curve C,, stating the values of its intercepts with the coordinates axes.

k
(b)  The curve C, is translated by the vector [O} , where k < 0, to give a curve C,

Given that C, passes through the origin (0, 0), find the equations of the asymptotes of C,
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2 2

y

2 The diagram shows the ellipse E with equation ?4-7 =1 and the straight line L with

equationy =X+ 4

(@)

(b)

(©)

(d)

=y

‘/
N
SN

Write down the coordinates of the points where the ellipse E intersects the coordinate
axes.

The ellipse E is translated by the vector {(ﬂ where p is a constant.

Write down the equation of the translated ellipse.

Show that, if the translated ellipse intersects the line L, the x-coordinates of the points of
intersection must satisfy the equation 9x* — (8p — 40)x + (4p®+ 60) = 0

Given that the line L is a tangent to the translated ellipse, find the coordinates of the two
possible points of contact.
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3  The diagram shows a circle C and a line L, which is the tangent to C at the point (1, 1). The
equations of C and L are X¥* +y?> =2 and X + Y = 2 respectively.

VA

AN

O

The circle C is now transformed by a stretch with scale factor 2 parallel to the x-axis. The image
C under this stretch is an ellipse E.

(a) On the diagram below, sketch the ellipse E, indicating the coordinates of the points where
it intersects the coordinate axes.

yl\

(b)  Find the equations of:
(i) theellipse E

(i)  the tangent to E at the point (2, 1)
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4 The diagram shows the hyperbola X?— y®> =1 and its asymptotes.

y!\

(a) Write down the equations of the two asymptotes.
(b)  The points on the hyperbola for which x = 4 are denoted by A and B.
Find, in surd form, the y-coordinates of A and B.
(c) The hyperbola and its asymptotes are translated by two units in the positive y direction.
Write down
(i)  the y-coordinates of the image points of A and B under this translation

(i)  the equations of the hyperbola and the asymptotes after the translation.
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Only assessed at A-level

Teaching guidance

Students should be able to:

e determine the equation of a parabola, hyperbola or ellipse following a combination of two or more
transformations of either a stretch parallel to one of the axes, a reflection in one of the axes or a
translation

e determine the transformations that have been applied by considering the equation.

Examples

2

1 Ahyperbola H has equation x? —y? =1

Describe a sequence of transformations which maps H onto the curve with equation
X2 = 2(y* +X)

2 2

2 An ellipse E has equation —+y— =1

(a) Sketch the ellipse E, showing the values of the intercepts on the coordinate axes.

(b)  Given that the line with equation y = X + k intersects the ellipse E at two distinct points,
show that -5 <k <5

a
(c) The ellipse E is translated by the vector {b} to form another ellipse whose equation is
9x*+ 16y°+ 18X — 64y =C
Find the values of the constants a, b and ¢

(d) Hence find an equation for each of the two tangents to the ellipse

9x*+ 16y* + 18x — 64y = ¢ that are parallel to the line y = X
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Further calculus

E1 Evaluate improper integrals where either the integrand
is undefined at a value in the range of integration or the
range of integration extends to infinity.

Only assessed at A-level

Teaching guidance

Students should be able to:

identify why a given integral is improper

e understand and clearly demonstrate the limiting processes involved, using correct notation
e identify when and why an improper integral does not have a finite value

e identify the point(s) where the integrand is undefined

e evaluate improper integrals where the integrand is undefined at a value in between the limits of
integration.

Examples

1

3
1 (a) Explainwhy the integral IO 5 dx is improper

(x-1)3

(b)  Clearly showing the limiting process used, evaluate the integral.

For each of the following improper integrals, find the value of the integral or explain why it does
not have a value:
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3 (a) Foreach of the following improper integrals, find the value of the integral or explain briefly
why it does not have a value:

9o 1
0 J, 7o

1
(ii) jjmdx

(b) Explain briefly why the integrals in part (a) are improper integrals.
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E2 Derive formulae for and calculate volumes of revolution.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand when a volume of revolution is formed

e derive the formulae V = jbnyzdx and V = jbnxzdy, for volumes formed by rotation around the

X-axis or y-axis respectively, by splitting the volume into cylinders and demonstrating the limiting
process involved

b b
e use the formulae V :'[ ny’dx and V ='f nx*dy to evaluate volumes of revolution and composite
a a
volumes.

Examples

o 1 . o
1 Evaluate 5 dx, clearly showing the limiting process used.
=X +1

82

Version 2.0



AS and A-LEVEL TEACHING GUIDANCE

The diagram shows the curve y = 18x* — 9 for X > 0

y A /

| I —
I
O X

A solid is formed when the region R is rotated through 360° about the y-axis.
(a) By considering the volume of thin discs, show that the volume of the solid can be found
using V = nf y+9dy

(b) Find the exact value of the volume of the solid.

Only assessed at A-level

Teaching guidance

Students should be able to extend the use of the formulae V = J'bny2 dxand V = J.bnx2 dy to evaluate

integrals that require the use of integration techniques encountered at A-level.

Examples
1 The region bounded by the curve y = (5\/;)sec X, the x-axis from O to 1 and the line X =1 is
rotated through 2z radians about the x-axis to form a solid.

Find the value of the volume of the solid generated, giving your answer to two significant figures.
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E3 Understand and evaluate the mean value of a function.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
1 b .

e understand and use the formula Y,, :b—j f(x)dx to calculate the mean value of a function for
_a a

x e[, b]

1 b
e extend the use of the formula y,, :b—_[ f (x) dx with functions that require integration
—_ a a

technigues encountered at A-level.
Notes

The notations arcsin and sin™ are equally acceptable and students must be familiar with both.

Examples

1  Find the mean value of the function f(x) = x(1- x) for 0 <x <1

2 The mean value of the function f(x) = x® over the interval x €[a, b]is zero.

What can you deduce about a and b?
3 Find the mean value of the function f(x) =sinxfor0<x <=

4 The mean value of the function f(x) = sinh x over the interval x [a,b]is zero.

What can you deduce about a and b?
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E4 Integrate using partial fractions (extend to quadratic
factors ax® + C in the denominator).

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand when partial fractions need to be used to complete an integral
e apply standard techniques to find integrals once patrtial fractions have been found

» complete the square to write an irreducible quadratic factor in the form a(x + b)> + ¢

Example

dy  4x®+x+7

1 Ve 3 2
dx 4x°-8x°+9x-18

Find an expression for y
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E5 Differentiate inverse trigonometric functions.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand and use standard results:

di(sinlx): ! = x| <1
X 1-x

—(cos™x) =— — x| <1
—(tan™x) =

d ( ) NG

e derive these results using implicit differentiation.

Examples

1 f(x):sinl[\/le_Jrl]

Find f'(x) and state the values of for which the derivative is valid.

2 (@ y=tan_1x

Show that d_y: L >
dx 14X

b Differentiate X tan™ X with respect to X
p
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E6 . 1
Integrate functions of the form (a2 - x2>2 and

1
(a2 + x2) and be able to choose trigonometric

substitutions to integrate associated functions.

Only assessed at A-level

Teaching guidance

Students should be able to:

e understand and use the standard results:

J 21 de:itanl(ﬁjm
a% +x a a

dx =sin” (X]-FC |x|<a

[

e derive these results using appropriate trigonometric substitutions
e write an integrand in a form to which these results can be applied

o complete the square to write an irreducible quadratic factor in the form a(x + b)> + ¢

Examples

dx

1  Using an appropriate substitution, find I 9
4%% +

2 (a) Show that j dx=1tan'1 Xic
a +X a a

1

. V3-3
(b) Find the exact value of I , W
2 X +6X+

3 Using integration by substitution prove the result dx =sin™ j+c X|<a
g integ y p | J— - x|
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E7/ Arc length and area of surface of revolution for curves
expressed in Cartesian or parametric coordinates.

Only assessed at A-level

Teaching guidance

Students should be able to:

2
b
understand and use the formula s :I 1+ (d_yj dx for the arc length of a curve from the point

dx
where X = a to the point where X = b when the equation of the curve in given in Cartesian form

2 2
e understand and use the formula s = I:z \/(%) +(3—¥] dt for the arc length of a curve defined

parametrically, where t; and t, are the values of the parameter at each end of the arc

2
e understand and use the formula A= J.b27cy 1+ (g—yj dx for the area of surface of revolution for
a \/ X

a curve expressed in Cartesian form

2 2
e understand and use the formula A= J.:z Zny\/(g—i() +(3—¥j dt for the area of surface of

revolution for a curve expressed in parametric form.

Examples

, : 3
1 The arc of the curve with equation y = 4 —In(1 - x*) fromx =0 to X = 2 has length s.

3 2
T 1+x

(a) Show that S:IO“[l 2jdx
—X

(b)  Find the value of s, giving your answer in the form p + In N, where p is a rational number
and N is an integer.
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2 Acurve is defined parametrically by x =t*+5, y=6t"-1

The arc length between the points where t = 0 and t = 3 on the curve is s.
3
(a) Showthat s= Io 3tVt? + Adt, stating the value of the constant A.

(b) Hence show that s = 61

1
3 The arc of the curve with equation y = ECOS 4X between the points where x =0 and X = g is

rotated through 2= radians about the X-axis.

(a) Show that the area of s of the curved surface formed is given by

S= njfcos AX~/1+ 4sin? 4x dx

(b)  Use the substitution u = sin 4x to find the exact value of s.

. . . 1 .
4 Acurve Cis given parametrically by the equations X = E cosh 2t, y=2sinht

dx\’ (dy Y .
(&)  Express E + E in terms of cosh t

(b)  Thearcof Cfromt=0tot=1is rotated through 2x radians about the x-axis.

() Show that S, the area of the curved surface generated, is given by
1
S =8x| sinhtcosh” tdt

(i) Find the exact value of S.
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ES Derivation and use of reduction formulae for integration.

Only assessed at A-level

Teaching guidance

Students should be able to:

e understand how reduction techniques can be used to repeatedly reduce the complexity of the
integrand to enable a given integral to be calculated

e understand how integration by parts may be applied to produce reduction formulae
e understand how other techniques of integration may be used to find reduction formulae

e use reduction formulae to evaluate integrals.

Examples

1  Use a reduction formulae to evaluate I:sinllx dx

: . 1. 4, nh-1
2 (a) Ifl, s'[cos”xdx use integration by parts to show that 1, :Hsm xcos" 1X+T .,

(b) Hence find jcossx dx

3 (a8 showthattan" x = sec?x tan™ 2 x —tan™ 2 X

(b) Hence find the exact value of _[; tan®x dx
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E9 The limits Iim(xke‘x) and Iim(x"ln x) where k > 0,

X—>0 x—0

applied to improper integrals.

Only assessed at A-level

Teaching guidance

Students should be able to:

 understand, prove, and use the result lim(x“e ™) =0
X—00

e understand and use the result Iing)(x"ln X) =0, where k >0, proof not required
X—>

e apply these results to evaluate improper integrals.

Examples

1 (a) Explain why J':‘(x—z)e’2X dx is an improper integral.

(b)  Evaluate J.:(X—Z)e‘2X dx, showing the limiting process used.

2 (a) Explain why ij“ln Xdx is an improper integral.

1
(b)  Evaluate jo x*In x dx , showing the limiting process used.

3 Prove lim(x’%¢ ) =0

X—©
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Further vectors

F1 Understand and use the vector and Cartesian forms of
an equation of a straight line in 3D.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

X —X - -2
e understand and use the forms r = a + Ab, and I 1YY L
m n

e convert between the different forms

e given sufficient information, find the equation of a line.
Notes

Knowledge of 3D vectors from A-level Mathematics is assumed. This is additional content for AS
Further Mathematics.

. . . . -3 z+1
If any of I, m or n is equal to zero, the convention used will be to write, for example, X = Z,YT = T
X—2 — z+1
rather than _J 3 =
4 7

Examples

1 Find the Cartesian equation of the line PQ where P and Q have coordinates (1, 3, 5) and

(-1, 0, 4) respectively.
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2 The quadrilateral ABCD has vertices A(2, 1, 3), B(6, 5, 3), C(6, 1, —1) and D(2, -3, -1).

6 1
The line |, has vector equation r=| 1 |+ 1|1
-1 0

(@ () Find the vector AB
(i)  Show that the line AB is parallel to |,
(i) Verify that D lies on I,
(b) The line I, passes through D(2, =3, —1) and M(4, 1, 1).

()  Find the vector equation of I,

3 Theline | passes through the point (2, 7, 1) in the direction 2i + 5k
(a) Find the vector equation of |

(b) Find the Cartesian equation of |
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F2 Understand and use the vector and Cartesian forms of
the equation of a plane.

Only assessed at A-level

Teaching guidance

Students should be able to:

e understand and use the formsr =a+Ab + uc andax+ by +cz=d

convert between the different forms

e given sufficient information, find the equation of a plane

e understand the conditions under which two or more planes intersect and interpret geometrically
e understand and use links with matrices and determinants

e find the line of intersection of two planes

e find the point of intersection of three planes or the equation of their line of intersection.

Examples

1  Find a vector equation for the plane given by 2x + 3y -z =6

0 1 0
2  Find the Cartesian equation of the plane givenby r=| O [+ 4| 1|+ |0
-1 0 1

3 The plane II contains the points (1, 0, 2), (2, 1, 3) and (3, 2, -1)
(a) Find a vector equation of 77
(b) Find the Cartesian equation of 17
(c) Determine which of the points A(3, 2, -1), B(2, 0, —=2) and C(1, 0, q) lie on I

Fully justify your answer.

2 2 3 1
4 Showthatthelinesr=|1|+t| O |andr=| O [+s| 1 | lieinthe same plane and find its
1 -3 -1 -1

Cartesian equation.
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5  Find the equation of the line of intersection of the two planes X+y—-z=7 and 2x+3y—-4z=2

6  Two planes have equations 2x—-2y+z=24and X+ 3y +4z=8
They meet in a line L.

Find the Cartesian equation of the line L.

7 A set of three planes is given by the system of equations

X+3y—2=10
2x+ky+z=-4
3X+5y+(kk-2)z=k+4

where k is a constant.

1 3 -1
(@) Showthat|2 k 1 | =k®>-5k+6
3 5 k-2

(b) In each of the following cases, determine the number of solutions of the given system of

equations:
() k=1
(i) k=2
(i) k=3

(c) Give a geometrical interpretation of the significance of each of the three results in
part (b) in relation to the three planes.
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F3 Calculate the scalar product and use it to calculate the
angle between two lines, to express the equation of a
plane, and to calculate the angle between two planes
and the angle between a line and a plane.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand and use the definition for two vectors a and b:

ab =|a||b|cos8, where @is the angle between a and b

) (&
e understand how the definition leadsto | b, |.| b, |=&a,a, +bb, +cC,
Cl C2

e find the acute or obtuse angle between two direction vectors.

Examples

1  The points A and B have coordinates (3, 2, 10) and (5, —2, 4) respectively.

3 3
The line | passes through A and has equation r=| 2 [+ 4| 1
10 -2

Find the acute angle between | and the line AB.

2  The coordinates of the points A and B are (3, -2, 1) and (5, 3, 0) respectively.

5 1
The line | has equation r ={ 3 |+ 4| 0
0 -3

(a) Find the distance between A and B.

(b)  Find the acute angle between the lines AB and |. Give your answer to the nearest degree.
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Only assessed at A-level

Teaching guidance

Students should be able to:

understand and use the equation of a plane in the form r . n = d and link to the Cartesian and
vector equation of a plane

use the fact that n is a normal to the planer .n =d
find the equation of the line of intersection of two planes
use the fact that the angle between two planes is equal to the angle between their normals

use the fact that the angle between a line and a plane is the complement of the angle between the
line and the normal to the plane.

Examples

1

The plane /1, is perpendicular to the vector 9i — 8] + 72k and passes through the point

A(2, 10, 1).

(a) Find, in the form r . n = d, a vector equation for /7;

(b) Determine the exact value of the cosine of the acute angle between /1; and the plane 11,

with equationr.(i +j + k) =11

The line L and the plane /1 are, respectively, given by the equations

2 1 0
r=(3|+A|-1landr.|1|{=20
5 4 1

Determine the size of the acute angle between L and /7

2 3 4
The plane I7 has equation r =| 1 [+ A| 1 |+ u| -1
1 2 1

(a) Find an equation for /7 in the formr . n =d

7 10
(b)  Show that the line with equation r =| 1 [+t| 1 | does not intersect with 77, and explain the
4 5

geometrical significance of this result.
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1
. . X-3 — z-1 .
A line and a plane have equations _y=q_ 1 and r.| 1 |=10 respectively,

2

where p and ( are constants.
(@) Show that the line is not perpendicular to the plane.

(b) Inthe case where the line lies in the plane, find the values of p and g.

(c) Inthe case where the angle, @, between the line and the plane satisfies sin@ =

the line intersects the plane at z = 2
() Find the value of p

(i) Find the value of q

i and
J6
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Version 2.0



AS and A-LEVEL TEACHING GUIDANCE

Fé4 Check whether vectors are perpendicular by using the
scalar product.

Assessed at AS and A-level

Teaching guidance

Students should understand and use the result that two non-zero vectors a and b are perpendicular
only if their scalar product is zero:a. b =0

Examples

1 The points A and B have coordinates (2, 4, 1) and (3, 2, —1) respectively. The point C is such
that OC = 20B, where O is the origin.

The point P(a, f, ) is such that BP is perpendicular to AC.
Show that 4a — 3y = 15

8 3 -4 1
2 Thelines |; and I, have equations r=| 6 [+A| -3 | and r=| 0 |+u| 2 | respectively.
-9 -1 11 -3

(a) Show that |; and I, are perpendicular.
(b) Show that I; and I, intersect and find the coordinates of the point of intersection, P.
(c) The point A(—4, 0, 11) lies on |,. The point B on I, is such that AP = BP.

Find the length of AB.

2 4
3 Twovectorsaandb are givenby a=|-1|and b=| 2
3 -2

Show that a and b are perpendicular.
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F5 Calculate and understand the properties of the vector
product.

Understand and use the equation of a straight line in the
form(r—a)=xb =0

Use vector products to find area of a triangle.

Only assessed at A-level

Teaching guidance

Students should be able to:

e understand and use the definition for two vectors a and b:
axb =|a||b|sinén, where @ is the angle between a and b and nis the right-handed unit normal

vectortoaand b

e understand and use the fact that axb is perpendicular to both a and b

e understand and use the algebraic properties of the vector product for example:
axb=-bxa ax(b+c)=axb+axc

e calculate the vector product in component form

e understand and use the vector product form of the equation of a straight line:
(r—a)xb =0, where a is the position vector of a point on the line and b is the direction vector of

the line

¢ understand and use the fact that the area of a triangle with sides a and b can be found using

1 . : .
area :§|a>< b| and use this to solve problems involving area.

Examples
1 Thevectorsa, b andc are suchthatc xa=2iandb X a=3j

Simplify (a + 2b — 6¢) % (a—b + 3c), giving your answer in the form Ai + 4j

100 Version 2.0



AS and A-LEVEL TEACHING GUIDANCE

3

4

The points A, B, C and D have position vectors a, b, ¢c and d respectively relative to the origin O,

1 3 -1 4
where a=| 2 |,b=|4|,c=|0|and d=| 1
-1 2 4 -2

(a) Find ABxAC

(b) The points A, B and C lie in the plane //. Find a Cartesian equation for /1.

Giventhataxb =3i +j + k and thata x c =—i —2j + k, determine:
(a) cxa

(b) ax(b+c)

(c) (axb).(axc)

(d) a.(@axc).

Three vectors u, v and w are suchthatu xv=u Xxw, whereu #0and v #w

Show that v —w = Au, where A is a scalar.

5 The three points A, B and C have coordinates (2, -1, 1), (4, 3, -2) and (3, 0, —3) respectively.
(a) Find ABxAC
(b) Hence find the exact value of the area of triangle ABC.
Version 2.0
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x-1 y-2 z+1

6  The line |, has Cartesian equations and the line I, has vector equation

-2
4 5
r={3|+A| —-1| where cis a constant.
c 0

The plane I1; contains the lines |, and I,

(a) Show that an equation for the plane I7; is x + 5y + 2z = d, where d is an integer to be
found.

(b)  Find the value of ¢
(c) The plane I1; has equation 2x—y + 22 = 4

() Find the acute angle between the planes /7, and /1, giving your answer to the
nearest 0.1°

(i) Find an equation of the line of intersection of 77, and I1,, giving your answer in the
form(r—-a)xb=0
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F6 Find the intersection of two lines.
Find the intersection of a line and a plane.

Calculate the perpendicular distance between two lines,
from a point to a line and from a point to a plane.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e show that two lines intersect and find their point of intersection
e prove that two skew or parallel lines do not intersect

e understand and use the fact that the shortest distance between two lines is in a direction
perpendicular to both lines

e understand and use the fact that the shortest distance between a line, |, and a point is along a line
through the point, perpendicular to |

Examples
1 -2
1  Find the distance of the point (1, 1, 2) fromthe liner=|0 |+ 4| 1
2 1
8 3 —4 1
2 Thelines l;and I, have equations r=| 6 |+A| -3 | and r=| O |+ u| 2 | respectively.
-9 -1 11 -3

(a) Show that |, and I, are perpendicular.
(b) Show that |; and I, intersect and find the coordinates of the point of intersection, P.
(c) The point A(-4, 0, 11) lies on l,. The point B on |, is such that AP = BP.

Find the length of AB.
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3

The lines |, and |, have vector equations r = (2 + A)i + (=2 — A)j + (7 + A)k and

r=@4+4uwi+ (26 + 14u)j + (=3 =5u)k, respectively, where A and M are scalar parameters.

(a) Thevector n =—i + aj + bk, where a and b are integers, is perpendicular to both I, and |,
Find the value of a and the value of b

(b)  The point P on |, and the point Q on I, are such that @ = Mn for some scalar constant M

() Determine the value of m

(i)  Deduce the shortest distance between |, and I,

The points A and B have coordinates (5,1,-2) and (4,-1,3) respectively.

-8 5
The line | has equation r =| 5 |+u| O
-6 -2

(a) Find a vector equation of the line that passes through A and B.

(b) (i) Show that the line that passes through A and B intersects the line |, and find the
coordinates of the point of intersection, P.

(i) The point C lies on | such that triangle PBC has a right angle at B. Find the
coordinates of C.
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Only assessed at A-level

Teaching guidance

Students should be able to:

e solve simultaneous equations for a line and a plane, given in any form, to find the point of
intersection

e use the normal to a plane to find the distance between a plane and a point

e solve problems involving points, lines and planes.

Examples
7
1  The point Q has position vector q =| 4
6
.
The plane /1 has equation r.| 1 | = 36
3_
20 | ~7
The line | has equation r =| -8 |+ u| 5
1 3

(a) Show that Q lies in 1.
(b) Show also that | is parallel to 71.
(c) The diagram shows that the point P, which lies on the normal to /7 that passes through Q.

The point R is the point on | which is closest to P, and PQ = PR.

P

Determine the coordinates of P.
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2 3 0
2 Theline L has equation |[r—| 1||x|-1|=|0
0 2 0

The plane 1 contains the line L and the point A(4, 1, —-2).
(a) Show that A does not lie on the line L.
(b) Find an equation of the plane 11, giving your answer in the formr .n =c¢

The point D has coordinates (8, —2, 6). Find the coordinates of the image of D after
reflection in the plane I1.

(c)

The four vertices of a parallelogram ABCD have coordinates A(1, 0, 2), B(3, -1, 5), C(7, 2, 4)
and D(5, 3, 1)

@ () Find ABxAD
(i) Show that the area of the parallelogram is p+/10, where p is an integer to be found.

(b) The diagonals AC and BD of the parallelogram meet at the point M. The line L passes
through M and is perpendicular to the plane ABCD.

Find an equation for the line L, giving your answer in the form (r —u) xv =0
(c) The plane I/ is parallel to the plane ABCD and passes through the point Q(6, 5, 17).
() Find the coordinates of the point of intersection of the line L with the plane /1.

(i) Find the distance between the planes /7 and ABCD.
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Polar coordinates

G1 Understand and use polar coordinates and be able to
convert between polar and Cartesian coordinates.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e understand the terms ‘pole’, ‘initial line’ and the convention that angles will be in radians taken as
positive in the anticlockwise direction from the initial line about the pole. (Knowledge of radians is
assumed from A-level Maths.)

e describe a point using polar coordinates in the form (r, 6?) and understand that the polar
coordinates of a given point cannot be described uniquely,

for example the point (—2,%} can also be described as (2,—%) or (2%)

e understand and use the relationship between polar and Cartesian coordinates:

if the initial line is taken to be the x-axis and the pole is at the origin, then

X =rcosd

or
y =rsin@ tang =2
X

e understand what is meant by a half-line in the cases when r is restrictedto r >0

e solve problems using polar coordinates.

Examples

1  Find the polar equation of the circle of radius a, whose centre has polar coordinates (a, gj

2  The points A and B have polar coordinates (\/5 gj and (1, —%} respectively.

Show that AB is perpendicular to the initial line, and find the length of AB.
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3 Find the polar coordinates of the points with Cartesian coordinates

@ (22
(0) (-1.43)

€ (=3,-4).

4 The curve C has the polar equation

2

r=—m— 0<0<2r
3+2cosd

(a) Verify that the point L with polar coordinates (2, ) lies on C.

(b) Find the Cartesian equation of C, giving your answer in the form 9y* = f(x)

5 The diagram shows a sketch of a circle which passes through the origin O.
VA
A
0 X
The equation of the circle is (X — 3)? + (y — 4)? = 25 and OA is a diameter.
(a) Find the Cartesian coordinates of the point A.
(b) Using O as the pole and the positive x-axis as the initial line, the polar coordinates of A
are (k, ).
()  Find the value of k and the value of tan a
(i) Find the polar equation of the circle (X — 3)* + (y — 4)* = 25, giving your answer in the
formr =pcos 6+ qsind
108
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6  The diagram shows a sketch of a curve C and a line L, which is parallel to the initial line and
touches the curve at the points P and Q.

C P
~ - )

O Initial line

The polar equation of the curve Cisr=4(1-sinf), 0<60<2n

and the polar equation of the line Lisrsin § =1

Show that the polar coordinates of P are (2, gj and find the polar coordinates of Q.

7  The points A and B have polar coordinates (3%} and [4, —gj respectively.

(a) Showthat AB=5
(b) Find the Cartesian coordinates of A and B.

(c) Use the Cartesian coordinates of A and B to verify that AB =5

8 The points A and B have polar coordinates (2, g} and (3, —gj respectively.

(a) Find the angle between OA and OB, where O is the pole.

(b) Use the cosine rule to find the distance between A and B.
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G2 Sketch curves with r given as a function of @, including
use of trigonometric functions.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e use a given function to find coordinates (r, ¢), which can be plotted
e use symmetries of functions to aid sketching. For example, a function of cos 6 will be symmetrical

: . : : : . s
about the line & = 0 and a function of sin & will be symmetrical about the line 8 =—

e use the property that if r > 0asé — «, then the line 6 = o will be a tangent to the curve at the
pole.

Examples

1  Sketch the curve with equation r = 2a cos 26

2 (a) Sketch the curve with the polar equation
r=1-sind, —-n1<60<m

(b) State the polar equation of the tangent to the curve at the pole.

3 Alinel and a curve C have polar equations

B 2
1+sin@

rsin =2, r 0<60<nm

respectively.
(a) Sketch | and C on the same diagram.

(b)  The point P, with polar coordinates (a, ¢), lies on C and O is the pole. The foot of the
perpendicular from P onto | is N.

Show that OP = PN.

110
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4  (a) Sketch the curve with the polar equation
r = 2sin 36 , -n<f<m

(b) Give the polar equations of the tangents to the curve at the pole.
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G3 Find the area enclosed by a polar curve.

Only assessed at A-level

Teaching guidance
Students should be able to:
e understand and use the formula A= J.ﬁ% r>dé for a polar curve defined as r = f(0) fora <0 <p

e use symmetry to simplify the evaluation of areas

e find composite areas.

Examples

1 (a) Write down the polar equation of a circle of radius a with centre at the pole O.

B . :
(b) Use the formula A :I %rzde to show that the area of the circle is na’

2  The diagram shows the curve C with polar equation

r=6(1-cosb , 0<#<2n

0 >
Initial line

(a) Find the area of the region bounded by the curve C.
(b)  The circle with Cartesian equation x? +y?= 9 intersects the curve C at the points A and B.
()  Find the polar coordinates of A and B.

(i) Find, in surd form, the length of AB.
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3 (a) Adcircle C, has Cartesian equation X2 + (y — 6)> =36

Show that the polar equation of C;is r =12 sin ¢

(b) A curve C,with the polar equationr =2 sin 8 + 5,0 <6 < 2n is shown in the diagram.

0 >
Initial line

Calculate the area bounded by C,

(c) The circle C, intersects the curve C, at the points P and Q.

Find, in surd form, the area of the quadrilateral OPMQ, where M is the centre of the circle
and O is the pole.

4 The diagram shows a sketch of part of the curve C whose polar equationis r =1 + tan 6. The
point O is the pole.

C
Q

0 75 Initial line

The points P and Q on the curve are given by § =0 and 6 = % respectively.

(a) Show that the area of the region bounded by the curve C and the lines OP and OQ is
1 3+In2
2

(b) Hence find the area of the shaded region bounded by the line PQ and the arc PQ of C.
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5 The diagram shows a sketch of the curve whose polar equation is

1

Initial line

Show that the area enclosed between the curve and the lines 8 = o« and 6 = 2a, where 0 < a <m=
is independent of a

114 Version 2.0



AS and A-LEVEL TEACHING GUIDANCE

6  The diagram shows the sketch of part of a curve, the pole O and the initial line.

\V

[] >
O N Initial line

The polar equation of the curve isr =1 + tan ¢

The point A is the point on the curve at which 6 = g
The perpendicular, AN, from A to the initial line intersects the curve at the point B.

(a) Find the exact length of OA.

V3

(b) (i) Given that, at the point B, 6 = @, show that (cos o + sin ¢)* = 1 + -

(i)  Hence, or otherwise, find a in terms of &

3+243

6

(c) Show that the area of triangle OAB is

(d) Find, in an exact simplified form, the area of the shaded region bounded by the curve and
the line segment AB.
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7 (a) Show that (cos @ + sin §)> =1 + sin 20
(b) A curve has Cartesian equation (X2 +Yy?)* = (x +y)*
Given that r > 0, show that the polar equation of the curve is r = 1 + sin 26
(c) The curve with polar equation
r=1+sin 20, -n<O<m

is shown in the diagram below.

-

Initial line

0

()  Find the two values of @ for which r =0

(i) Find the area of one of the loops.
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Hyperbolic functions

H1 Understand the definitions of hyperbolic functions
sinh X, cosh X and tanh X, including their domains
and ranges, and be able to sketch their graphs.

Understand the definitions of hyperbolic functions
sech X, cosech X and coth X, including their
domains and ranges.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e recall and use the definitions

X —-X X —X

. e’ —e e’ +e
sinh X = cosh X =
_— sinh x . . e —e™"
e recall the definition tanh X = and derive the exponential form tanh X =———
cosh x e'+e

e use the exponential forms to solve equations or prove identities

e sketch graphs of y =sinh X, y =cosh x and y =tanh X (including asymptotes)

e apply single transformations to graphs of hyperbolic functions.

Examples

1 Prove that sinh X+ cosh X > 0 for all values of X

2 By sketching suitable graphs, show that the equation cosh x—tanh X =1 has two solutions.

(e -1(e*+1)

3 Using the definition of tanh X in terms of sinh X and cosh X prove that tanh x = 2 q
e’ +
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4 (a)  Show that the equation 14sinh X — 10cosh X = 5, can be expressed as 2e” - 5e*-12 =0

(b) Hence solve the equation 14sinh X — 10cosh x =5

Give your answer as a natural logarithm.

. 1
5 (a) Using the definition sinh@ = > (e’ —e™?), prove the identity 4sinh®@ + 3sinh @ = sinh 36

(b) Given that x =sinh@ and 16x3 + 12x — 3 = 0, find the value of & in terms of a natural
logarithm.

(©) Hence find the real root of the equation 16x® +12x — 3 =0, giving your answer in the form
2P — 29 where p and q are rational numbers.

. 1 1
6  Use the definitions sinh@ = E(ea —e?)and cosh@ = E(eg +e7%) to show that:

(a)  2sinh@cosh@ =sinh 20

(®)  cosh?@ +sinh?@ = cosh 20
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Only assessed at A-level

Teaching guidance

Students should be able to:

recall and use the definitions

cosech X =— coth x =
cosh x sinh X tanh x

sech X =

e sketch graphs of all hyperbolic functions
e apply transformations to hyperbolic functions
e derive exponential forms of these hyperbolic functions

e recall and use the domains and ranges for all hyperbolic functions.

Examples

1 The function f is defined by f(x) =tanh x,xe R

State the range of f

2 Prove that sech X+ cosech X = 2e*cosech 2x

3 The function f is defined by f(x) =sech x

(a)  State the maximum possible domain of f
(b)  State the range of f
(c)  Sketch the graph of y =f(x)

(d)  Sketch the graph of y =2-2sech x
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H2 Differentiate and integrate hyperbolic functions.

Teaching guidance

Only assessed at A-level

Students should be able to:

— d, . d . . _—
e recall and use the derivatives d—(smh x) =cosh x and d—(cosh x) =sinh X ; using the logarithmic
X X
definitions derive these results.

e use standard results:

%(tanh X)= sech®x %(cosech X) = —cosech xcoth X
d d 2

—(sech x) = —sech xtanh x —(coth x) = —cosech?x

dx dx

and derive results using standard techniques such as the product rule, quotient rule and chain rule

e recall and use the resultsjsinh X dx =cosh x+¢ and J'cosh X dX =sinh X+¢

e use any of the techniques of integration covered in Maths or Further Maths to integrate functions
involving hyperbolic functions.

Examples

1 Differentiate the following expressions:

(@) cosh 3x (b)  cosh? 3x (c)  x%cosh x
(d)  cosh2x (e)  xtanh X ) sech X
X

(g) cosech x

2 Evaluate the following integrals:

(@) J‘cosh 3xdx (b) ICOShZ x dx

(c) Ixsinthdx (d) jtanhzxdx
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3 The diagram shows the graphs of y =5cosh x and y =7+sinh x

2 1 0 1 2

Find the exact value of the shaded area.

. . 1
4 Acurve has Cartesian equation y = Eln (tanh x)

(@)

(b)

(b)

(b)

Showthatd—yz !
dx sinh2x

The points A and B on the curve have x-coordinates In 2 and In 4 respectively.

Find the arc length AB, giving your answer in the form pIn ¢, where p, q € Q

Prove that the curve y = 12cosh x — 8sinh X — X has exactly one stationary point.

Given that the coordinates of this stationary point are (a, b), show thata+ b =9

X d
Given that y =In tanhE , where X > 0, show that d_y =cosech X
X

X
A curve has equationy =In tanhE , Where X > 0. The length of the arc of the curve

between the points where X = 1 and x = 2 is denoted by S
. 2
() Showthat s= L coth x dx

(i) Hence show that s = In (2cosh 1).
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H3 Understand and be able to use the definitions of the
inverse hyperbolic functions and their domains and
ranges.

Assessed at AS and A-level

Teaching guidance

Students should be able to:
e understand and use the inverse hyperbolic functions

understand both notations arsinh x and sinh™ x

e use technology to find inverses
e solve equations involving hyperbolic functions

e sketch the graphs of inverse hyperbolic functions, including intersections with the axes,
asymptotes and transformations.

Notes

The inverse function arsinh is sometimes written as arcsinh and the same applies to all inverse
hyperbolic functions. The ar version is more appropriate than arc. We will use ar; students may use
arc.

Examples

1  Using a suitable sketch, show that the equation cosh X =1+arsinh X has exactly two solutions.

2 Solve the equation 6¢cosh? X — 7cosh x—5=0

Give your answers to 3 significant figures.

3  Sketch the graph of y =artanh (x—1)
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Only assessed at A-level

Teaching guidance

Students should be able to:
e recall and use the domains and ranges of inverse hyperbolic functions

 understand the domain restriction required for cosh™ x

Examples

1 Sketch the graph with the equation y = arcosh (2X) and state the range of values of X for which
arcosh (2x) is defined.

2  Sketch the graph with the equation y = artanh(gj

3 The function f is given by f(x)=artanh x

(a)  Sketch the graph with the equationy =f (x)

(b) State the maximum domain of f and the corresponding range.
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Hé4 Derive and use the logarithmic forms of the inverse
hyperbolic functions.

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e use the logarithmic forms:

cosh™x =In(x++x* -1)
sinh™x =In (X ++/x* +1)

tanh*x = lIn 1rx
2 1-X

e derive these results.

Examples

1 Given that u = tanh X, use the definitions of sinh x and cosh x in terms of ¢* and €™ to show that
1 (1+u
X==In| —
2 \1-u

2 Express arsinh (x? — 1) in terms of natural logarithms.

2
. X° -1
3 Solve the equation artanh( > jzlnz
X“+1

Only assessed at A-level

Teaching guidance

Students should be able to derive logarithmic formulae for sech, cosech and coth.

Example

1 Express arsech x in terms of natural logarithms.
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1
5 Integrate functions of the form (x2 +a2) 2 and

1
(x2 — aZ) 2 and be able to choose substitutions to

Integrate associated functions.

Only assessed at A-level

Teaching guidance

Students should be able to:
e recognise when a hyperbolic substitution would be useful in evaluating an integral

o differentiate inverse hyperbolic functions.

Examples

1 Acurve has equation y = ax

(a)  Show that the length of arc s of the curve between the points where X =0 and X = 1 is
4
given by s= Il, /i dx
0 X

. 4
(b) 0) Use the substitution X = 4sinh?@ to show that J‘ /XL dx = JScoshzedQ
X

(i) Hence show that s = 4sinh0.5++/5

2 By making a suitable substitution find the integral J.\/ X* +4x+5 dx
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3 (a) Show that i(coshllj:_—l
X

dx X J1—x2

1
(b) A curve has equation y =+1-x* —cosh™= (0<x<1)
X
Show that:

dy _vi1- NG
dx X

(i)

N . 1 .
(i) the length of the arc of the curve from the point where x = Z to the point where

3
X=—1In3
4
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H6 sinh X

cosh X

Understand and use tanh x =

Understand and use cosh®x —sinh?x =1,
sech?x =1-tanh?x, cosech®x = coth®x —1,
cosh 2x = cosh®x + sinh®x and sinh2x = 2sinh x cosh x

Assessed at AS and A-level

Teaching guidance

Students should be able to:

e recall and use the identities:

cosh®x —sinh®x =1
o derive the identity cosh’x —sinh’*x =1

e use identities to solve equations or derive other results.

Example

1 (a) Given that 4cosh? x = 7sinh X + 1, find the two possible values of sinh X

(b) Hence obtain the two possible values of X, giving your answers in the form In p
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Only assessed at A-level

Teaching guidance

Students should be able to:

e recall and use the identities:
sech’d =1-tanh’@
cosech’d = coth’0 —1
e use the identities:
cosh 2x = cosh®X + sinh*x
sinh 2X = 2sinh X cosh X
e derive these identities
e use identities to solve equations or derive other results

e use identities to evaluate integrals.
Examples
1 (a) Use the definitions of sinh X and cosh X in terms of e and €™ to show that

sech? x + tanh?x = 1

(b) Solve the equation 6sech? X = 4 + tanh X, giving your answers in terms of natural
logarithms.

. . 1 _ 1 _
2 (a) Use the definitions sinh& :E(eg —e%) and coshf = E(eg +e7’) to show that
1+ 2sinh®@ = cosh26

(b)  Solve the equation 3cosh 26 =2sinh 8+11 giving each of your answers in the form In p

128 Version 2.0



AS and A-LEVEL TEACHING GUIDANCE

(a)  Given thaty = sech t, show that:

(1) d—y=—secht tanht
dt

2
(ii) (d—yj =sech’t—sech’ t
dt
(b)  The diagram shows a sketch of part of the curve given parametrically by:

X=t-tanht y =secht
yl\

P, »)

0 x

The curve meets the y-axis at the point K, and P(X, Y) is a general point on the curve.
The arc length KP is denoted by s
Show that:

() (ﬁj +(d—yj _ tanh? t
dt dt

(i) s=Incosht

(i) y=¢€>®

_ 1 _
(a)  Use the definition coshx = E(eX +€7%) to show that cosh 2x = cosh? x — 1

(b) () The arc of the curve y = cosh X between X = 0 and x = In a is rotated through 2n
radians about the x-axis.

Show that S, the surface area generated, is given by S = ZRI;nacoshzxdx

a*-1
(i) Hence show that S = n(ln a+ o j
a
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5 (a) Given that u = cosh? X, show that (;_u =sinh 2X
X

1 sinh 2X
(b)  Hence show that _SIM 2R gy - tan’l(coshzl)—%

01+ cosh*x
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Differential equations

11 Find and use an integrating factor to solve differential
equations of form (le_y +P(x)y =Q(x) and recognise
X

when it is appropriate to do so.

Only assessed at A-level

Teaching guidance

Students should be able to:

recognise when a given differential equation may be rearranged into the form j—y +P(x)y =Q(x)
X
to allow an integrating factor to be used

« find an integrating factor by inspection or by using the formula | = ejp(x)dx

e use the result J.(I g—y+ IP(x)yj dx=1y
X

e solve more difficult differential equations by transforming them into this form by means of a
suitable given substitution.

Examples

1 Solve the differential equation g—y+ (cot X)y =2cos X , given thaty = 2 when X :g
X

2 (a) Show that — is an integrating factor for the first-order differential equation
X

d—y+1y:xlnx
dx x

(b) Solve this differential equation, given thaty =1 when X = 2

(© Calculate the value of y when x = 1.2, giving your answer to three decimal places.
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. . . 2 =
3 Solve the differential equation d—+— y =3(x*+1)2, given thaty = 1 when x = 2
X X

. . o d’y dy )
4 (a) A differential equation is given by Xd—z—d— =3X
X
. dy - . .. du 1
Show that the substitution U = d_ transforms this differential equation into d———u =3X
X X X

1
(b) By using an integrating factor, find the general solution of d—u——u =3X

dx x
Give your answer in the form u = f(x)
. . . . . d’y dy 5
() Hence find the general solution of the differential equation xd—z—d— =3X
X X

Give your answer in the formy =g (X)
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12 Find both general and particular solutions of differential
equations.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand that the general solution comprises the complementary function + a particular integral

e find general solutions to differential equations including the appropriate number of constants of
integration

e find particular solutions to differential equations

e use boundary or initial conditions, that are given explicitly or need to be deduced from the context
of the question, to find constants of integration.

Examples

1  Solve the differential equation g—y+ 2y =2x*+3, given that y(0) = 5
X

2X
2 (a) Showthaty=x?—Xis a particular integral of the differential equation d_y+ y

VR 1=5x2—1
X X —=

(b) By differentiating (x* — 1)y = ¢ implicitly, where y is a function of X and ¢ is a constant,

. . . . . d 2X
show that y =—; is a solution of the differential equation —y+ > y _ 0
x“-1 dx x*-1
. . dy 2x
(© Hence find the general solution of —y+ > yl =5x*-1
X X -

3 (a) Find the values of the constants a, b, ¢ and d for which a + bx + csin x + dcos X is a

particular integral of the differential equation g—y —3y =10sin X—3X
X

(b) Hence find the general solution of this differential equation.
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13 Use differential equations in modelling in kinematics and

in other contexts.

Only assessed at A-level

Teaching guidance

Students should be able to:

interpret questions set in a variety of contexts including, but not limited to, kinematics, population
growth, science and finance

make appropriate modelling assumptions and clearly define their variables

understand the language of proportionality and rates of change, rates of increase and rates of
decrease

apply their knowledge of kinematics from A-level Maths.

Examples

1

A frozen ready meal with a temperature of —15°C is placed in an oven at room temperature.
The oven is switched on so that its temperature at time t minutes is given by 20 + 10t.

The temperature of the ready meal increases at a rate which is proportional to the difference
between the temperature of the oven and the temperature of the ready meal. Initially the
temperature of the ready meal is increasing at a rate of 0.35°C per minute.

Find the temperature of the ready meal when it has been in the oven for 20 minutes.

A small town has a population of y thousand people.

The town’s population has a natural rate of growth proportional to its size so that its rate of
increase is given by 0.02y.

In 2010, the population of the town was 250 000, and over the next few years people moved
away from the town at a rate of 0.4 + e thousand people per year, where t is the time in years
from 2010.

(a)  Write down a first order differential equation to model the total rate of change of
population.

(b)  Use your model to predict the size of the population at the end of 2015.
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A small start-up company is growing its business so that it makes £10 000 profit in its first year
and the profit it makes in each subsequent year increases by £10 000.

The company deposits their daily profits in a bank account earning interest of 5% per year.

Let y be the amount in thousands of pounds held in its account at time t years.

(a)  Show that 2—{ =Yy +200(1+t)

(b)  Use this model to predict how much money should be in the account after the first 3 years.
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14 Solve differential equations of form Yy" +ay’'+by =0

where a and b are constants, by using the auxiliary
equation.

Only assessed at A-level

Teaching guidance

Students should be able to:

understand that the more general form ay”+by’+cy =0 is equivalent to an equation of the form
y'+ay'+by =0

know that a 2nd order differential equation of this form is called a homogeneous equation
use ay”+by’+cy = 0to form the auxiliary equation ak® +bk +¢ =0

use a substitution of the form y = e to derive the auxiliary equation

understand how the solutions of the auxiliary equation can be used to form the general solution of
the corresponding differential equation.

Examples
. . . . . d’y  dy oy .
1 Find the solution of the differential equation 4—7 —4d—+5y =0 satisfying conditions thaty = 1
X X
and d—y=0 when x =0
dx
2
2 (a) Find the general solution of the homogeneous differential equation 4 d z, -y=0
X
(b)  Hence find the particular solution which is such thaty = 1 and g—y =0 whenx=0
X
. . L . . . d’y _dy )
3 Find the function y(x) satisfying the differential equation d—2—2d—+ 5y =0 and the conditions
X X
dy
thaty=0and —=1whenx=0
dx
. . . . . d’y , dy
4 Show that if y; and y, are solutions of the differential equation ad—2+ bd—+ cy =0, then so
X X

also is the linear combination y = Ay; + By,, where A and B are arbitrary constants.
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15 Solve differential equations of form y”+ay’+by =f (x)

where a and b are constants, by solving the
homogeneous case and adding a particular integral to
the complementary function (in cases where f(x) is a
polynomial, exponential or trigonometric function).

Only assessed at A-level

Teaching guidance

Students should be able to:

e understand that the more general form ay” +by’+ cy = f(x) is equivalent to an equation of the form
y"+ay'+by = f(x)

o solve the homogeneous equation ay”+by’+cy =0 to find the complementary function (CF)

o find the particular integral (PI) for a given f(x),where f(x) could be formed from the sum of
polynomial, exponential or trigonometric terms

e form the general solution using y = CF + PI

Examples

d’y

1 Find the solution of the differential equation o +4y =10e" +8sin 2X + 4cos 2X
X

giventhaty=25whenx=0and y :% when X :g

2 (a) Find the roots of the equation m? + 2m + 2 = 0 in the form a + ib

2
() () Find the general solution of the differential equation :—Z+ 2%+2y =4x
X X
dy

(i) Hence express y in terms of X, given thaty = 1 and i =2 whenx=0
X
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3

2

It is given that y satisfies the differential equation 3—Z - 53—y +4y =8x—-10-10cos 2X
X X

(a) Show that y = 2X + sin 2X is a particular integral of the given differential equation.

(b) Find the general solution of the differential equation.

(c) Hence express Y in terms of X, given that y = 2 and j—y =0 whenx=0
X

2
The function y(X) satisfies the differential equation 3—32/ - 63—y +9y=¢¥
X X

(a) Find the complementary function.

(b)  Show that there is a particular integral of the form y = ax’¢®, and find the appropriate value

of a

(c) Hence write down the general solution for y(X)
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|6 Understand and use the relationship between the cases
when the discriminant of the auxiliary equation is
positive, zero and negative and the form of solution of
the differential equation.

Only assessed at A-level

Teaching guidance

Students should be able to, given ay "+ by '+ cy =0, examine the nature of the roots of the auxiliary
equation to determine the form of the general solution:
If b? — 4ac > 0 then y = Ae™ + Be”* where a and £ are the distinct real roots

If b® — 4ac = 0 then y =e“*(A+ Bx) where « is the repeated root
If b? — 4ac < 0 then y =e™ (Acos gx+ Bsin gx) where p+qi are the complex roots.

Examples

d°y . dy

1 Find the general solution of the differential equation d_2 - 5d— +6y=0
X X
d’y  ,dy

2 Find the general solution of the differential equation d—z + 4d— +4y=0
X X
. . . . . d’y _dy

3 Find the general solution of the differential equation o + 2d—+ 5y=0
X X

Express the answer in a form involving trigonometric function.

4 (a) Show that when b? = 4ac, the roots of the auxiliary equation for the differential equation
2
b
ad—¥+bd—y+cy =0 are both equal to —
dx dx 2a
(b) Writing —21 as k,, verify that, in this case, e“*and xe"* are solutions of the differential
a

equation.
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17 Solve the equation for simple harmonic motion X =-®"x
and relate the solution to the motion.

Only assessed at A-level

Teaching guidance

Students should be able to:

understand the conditions for simple harmonic motion (SHM)

e show that a particle moves with simple harmonic motion by demonstrating that the equation
d®x
dt?

e recall and use the standard results:

=—w’X holds

d2x X =acos wt or
——=—0’X= X = asin wt
dt
21
T=—
0]

where a is the maximum distance from the equilibrium position and T is the periodic time

solve the differential equation to derive these results

d’x dv dvdx dv
understand and use the result — =——=——=V—
dt dt dx dt dx
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Examples

1 A particle moves in a straight line with simple harmonic motion such that its displacement at
time t seconds relative to a fixed origin on this line is X metres.

. . . . . . dx
The motion of the particle satisfies the differential equation F+16X =0

(a)  Verify that X = Acos 4t + Bsin 4t, where A and B are constants, is a solution to this
differential equation.

(b)  Whent =0, the particle is momentarily at rest. Show that B =0
(c) Giventhatx=h(h>0)when t= g find A in terms of h

(d)  Find the maximum speed of the particle in terms of h

(e)  The mass of the particle is m kg.
Find the magnitude of the maximum force acting on the particle during the motion.

Give your answer in terms of h and m
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2 A particle moves along a straight line between the points A and B with simple harmonic motion.
The point O is the mid-point of AB.
At time t seconds, the particle is X metres from O and moving with speed v ms™.
. . - . d’x
The motion of the particle satisfies the equation ?+ w°x=0
. . . d?x dv
(@)  Given that A and B are a distance of 0.8 metres apart and by writing ? as vd—
X
show that v can be written as v = ©+/0.16 — X
i dx . . , . ,
(b) By writing v as E and separating the variables, find an expression for X in terms of @
and t
. . S 4r
(c) Given that the particle completes one oscillation in 7.5 seconds, show that @ = I
(d)  When the particle passes through the point C, as shown in the diagram, x =1 and v =2
2ms-T
E—
A 0 C B
(1) Show that the amplitude of the motion is 2.59 metres, correct to three significant
figures.
(i) When the particle first passes through C, it is heading away from O towards B.
Find the time that it takes to move from C to B and back to C, giving your answer to
two significant figures.
(iii) Find the maximum speed of the particle during the oscillations.
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18 Model damped oscillations using 2nd order differential
equations and interpret their solutions. Understand light,
critical, and heavy damping and be able to determine
when each will occur.

Only assessed at A-level

Teaching guidance

Students should be able to:
e set up and solve second order differential equations which represent damped harmonic motion

e understand the meaning of heavy damping (also known as over-damping), critical damping and
light damping (also known as under-damping)

2
e recognise equations of the form d—;(+ k%+w2x =0 as a model for damped motion and

understand that the type of damping depends on the value of k* —4®”

e distinguish the following cases:

k?—40?>>0  x=Ae™ +Be” Heavy damping
where « and [ are roots of the auxiliary equation

k?—4w® =0 x =(A+Bt)e ™ Critical damping

Light damping

2_ 2 7%'[ s a a
k" —40" <0 x=e ? (Asin£t+Bcos<t)

where a? = 4w® —k?
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Examples

1

A uniform metal bar, of mass m, is held at rest in a horizontal position. The ends of the bar are
attached to identical light elastic strings.

The strings are also attached to fixed points that are directly above the ends of the bar.
A damping device is also connected to the bar.

The bar is released from rest with the strings vertical and at their natural length.

As the bar falls, it remains horizontal and the damping device exerts an upward force of
magnitude cmv on the centre of the bar, where C is a constant, in appropriate units, and v is the
speed of the bar.

The motion of the bar is critically damped.

At time t after the bar has been released, the displacement of the bar below its initial position is X
and the tension, T in each spring is given by T = -2mx

(a) Show thatc =4
(b) Find an expression for X in terms of g and t
(© Find the value of x as t tends to infinity.

(d) Find the maximum speed of the bar.

2 Arailway truck, of mass m, is travelling in a straight line along a horizontal track.
At time t =0 , the truck strikes one end of a buffer which is fixed at its other end.
The buffer may be modelled as a light spring.
At time t, the compression of the buffer is X and the magnitude of the force, T, in the spring is
given by T =mn®x, where nis a positive constant.
The motion of the truck is affected by a resistance force of magnitude mkv , where v is the speed
of the truck and k is a positive constant.
(a)  Show that, while the buffer is bring compressed, x satisfies the equation X+kx+n°x=0
n
(b) Atime t = 0, the truck is travelling with speed U. Given that k = 5? find X in terms of n, U
and t
(© By means of a sketch, or otherwise, explain whether the type of damping is light, critical
or heavy.
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19 Analyse and interpret models of situations with one
Independent variable and two dependent variables as a
pair of coupled 1st order simultaneous equations and be
able to solve them, for example predator-prey models.

Only assessed at A-level

Teaching guidance

Students should be able to:

e interpret a given context to form a pair of first order simultaneous equations of the form
X

Z—t: ax+by +f(t) and 3—1/: cx+dy +g(t)

where tis the independent variable and x and Y are the dependent variables

e eliminate x or Yyto form and solve a second order differential equation of no greater demand than
those outlined in section I5

e solve a pair of first order simultaneous to find the dependent variables as functions of the
independent variable.

Examples

1  The variables x, yand tare linked by the differential equations

. X
d_y: y—2X+sint and d—:cost—3x+4y

dt dt
(@) Solve these equations to find the general solution for xin terms of t

(b)  Find the general solution for yin terms of t
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2 Anisolated island is populated by rabbits and foxes. At time the number of rabbits is x and the
number of foxes is y

It is assumed that:

¢ The number of foxes increases at a rate proportional to the number of rabbits. When there
are 200 rabbits the number of foxes is increasing at a rate of 25 foxes per unit period of
time.

o If there were no foxes present, the number of rabbits would increase by 115% in a unit
period of time.

¢ When both foxes and rabbits are present the foxes kill rabbits at a rate that is equal to 105%
of the current number of foxes.

e Attime t =0, the number of foxes is 10 and the number of rabbits is 60.

By setting up two differential equations, construct a mathematical model for the of rabbits
attimet

3 Two large tanks, labelled A and B, contain salt water.

Each tank has a capacity of 1200 litres. Initially, tank A holds 600 litres of water with 15 grams of
salt dissolved in it and tank B contains 1200 litres of water with 96 grams of salt dissolved.

Salt water is pumped into tank A at a rate of 8 litres per hour, with a concentration of 1 gram of
salt per litre.

Fresh water is pumped into tank B at a rate of 3 litres per hour.

Through two connecting pipes water flows from tank A to tank B at a rate of 12 litres per hour
and from B to A at a rate of 4 litres per hour.

Water is drained from tank B at a rate of 11 litres per hour so that the water in each tank
remains constant.

|

Tank B Tank A

l|_|

Find expressions for the amount of salt in each tank in terms of time.
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110 Use of Hooke’s law with T=kX to formulate a differential
equation for simple harmonic motion, where K is a
constant.

Only assessed at A-level

Teaching guidance

Students should be able to:

e understand and use the model for tension given by Hooke’s law in the form T = kx where the
tension is always directed toward the equilibrium point.

e understand what is meant by the terms natural length and extension of an elastic string or spring
e understand that this model will produce differential equations with terms of the form:

d*x ) . . : iy
m——-=—kx, where mis the mass of the particle being acted upon and k is a positive constant.

Examples

1 Arailway truck, of mass m, is travelling in a straight line along a horizontal track.

At time t = 0, the truck strikes one end of a buffer which is fixed at its other end. The buffer may
be modelled as a light spring.

At time t, the compression of the buffer is X and the magnitude of the force, T in the spring is
given by T = mn?, where n is a positive constant.

In a simple model of the motion, the only force affecting the truck during this motion is the thrust
from the buffer.

(a) Show that, while the truck is in contact with the buffer, the truck performs simple harmonic
motion.

(b)  Find, in terms of n, the period of this motion.
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2 A particle, of mass 9 kg, is attached to two identical springs.

The other ends of the springs are attached to fixed points, A and B, which are 1.2 metres apart
on a smooth horizontal surface.

The springs have natural length 0.4 m and the magnitude of the tension in each spring is given

by @, where eis the extension of the spring.

The patrticle is released from rest at a distance of 0.5 metres from B and moves on the line AB.
The midpoint of AB is C.

At time t seconds after release, the displacement of the particle from C is X metres, where the
direction from A to B is taken to be positive.
e

M AWWW——o—mm—]

C

(@) Show that the resultant force on the particle, at time t, is —225X newtons.
(b)  Hence show that the particle moves with simple harmonic motion.

(c)  State the period of this motion.

(d)  Find the speed of the particle when it is 0.05 metres from C.

(e)  Write down an expression for X in terms of t
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111 Use models for damped motion where damping force is
proportional to the velocity.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand the damping force will act in the opposite direction to the velocity

e understand models of this type will lead to differential equations with terms of the form:

2
m% = —k%, where mis the mass of the particle being acted upon and K is a positive constant.
Examples

1  Anparticle P, of mass m kg, moves in a straight horizontal line.

At time t seconds, the displacement of P from a fixed point O on the line is X metres, and P is
moving with velocity X ms™.

Throughout the motion, two horizontal forces act on P: a force of magnitude 4mn? |X| newtons

directed towards O, and a resistance force of magnitude 2mk|>'<| newtons, where n and k are
positive constants.

2 (a) Showthat X+ 2kx+4n°x=0

(b) Inonecase,k=n.Whent=0,x=aand xX=0

3

()  Showthat x=e™" (acos«/gnt + (@Jsin@nt]

(i) Show that P passes through O when tan/3nt = —/3
(c) Inadifferent case, k =2n
) Find a general solution for x at time t seconds.

(i) Hence state the type of damping which occurs.
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3 In this question, take g = 10 ms™

A bungee jumper has mass 75 kg. He uses an elastic rope and falls vertically. When the rope
becomes taut for the first time, he is travelling at 12.5 m st

Assume that, once the rope is taut, the bungee jumper experiences an air resistance force that
has magnitude 15v newtons, where v m s is his speed.

At time t seconds after the rope has become taut, the extension of the rope is X metres and the

. . 75X
tension in the rope has a magnitude of T N

2
(a)  Show that 10%+ 23—:+5x =100

(b) Find X in terms of t

(© Find the value of t when the bungee jumper first comes instantaneously to rest.
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Numerical methods

J1 Mid-ordinate rule and Simpson’s rule for integration.

Only assessed at A-level

Teaching guidance
Students should be able to:

e understand and use the formula for the mid-ordinate rule:

b b—a
L dezh(yl+y3+...+y 3+y1],where h=——

2 2 2 2 n

e understand the circumstances under which the mid-ordinate rule gives an over- or underestimate

e understand and use the formula for Simpson’s rule:

b 1
Ia ydngh{(yo +yn)+4(y1+y3 +"'+yn—1)+2(y2 +y4+"'+yn—2)}

b-a .
whereh =—— and n is even.
n

e understand how an estimate given by either method may be improved upon by increasing the
number of strips.

Examples

3
1  Use Simpson’s rule with 5 ordinates (4 strips) to find an approximation to L dx

1+ x3

giving your answer to three significant figures.

2 (a) Use Simpson’s rule with 7 ordinates (6 strips) to find an approximation to J.Ol; (5—x*)dx

giving your answer to three significant figures.

(b) Hence find an approximation to _[0157 x* dx
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3 (a) Use the mid-ordinate rule with four strips of equal width to find an estimate for

I dx, giving your answer to three significant figures.
11+In X

(b)  Explain how you could find an improved estimate.

3
4 @ Use the mid-ordinate rule with five strips of equal width to find an estimate for L cosh x dx

giving your answer to three significant figures.

(b) Using a sketch of the graph of y =cosh X explain clearly whether you answer to part (a)
is an overestimate or an underestimate.
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J2 Euler’s step by step method for solving first order
differential equations.

Only assessed at A-level

Teaching guidance

Students should be able to:

e apply Euler's formula, y,,, =Y, +hf (xr, y, ) to find approximate solutions to first order differential

equations of the form 3— f(x) or d_ =f(x,y)

e understand the derivation of Euler’s formula using a geometrical method

e understand how the accuracy of such a method may be improved by reducing the step size.

Examples

—X
and

1 The function y(x) satisfies the differential equation j— f(x,y) where f(x,y) =
y + X

y(1) =
Use the Euler formula vy, ., =y, +hf(X,,y,) with h = 0.1, to obtain an approximation to y(1.1)

2 (a) The function y(x) satisfies the differential equation j— f(x,y)

where f(X,y)=x+3+siny and y(1) =

(b)  Use the Euler formula y,., =y, + hf(x,,y,) with h =0.1, to obtain an approximation to
y(1.1), giving your answer to four decimal places.

(c) Explain how you could use this formula to find an improved approximation to y(1.1)
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J3 Improved Euler method for solving first order differential
equations.

Only assessed at A-level

Teaching guidance

Students should be able to:
e understand ways in which Euler’s formula can be improved

e use given improved methods to find approximate solutions to first order differential equations of

the form ay =f(x) or ay =f(x,y)
dx dx

Examples

1 Itis given that y(x) satisfies the differential equation (dj—y =f(x,y)
X
where f(x,y)=(2x+1)In (x+y) and y(0) =2
Use the improved Euler formula y, , =y, +%(kl +k,) where k, =hf(x,,y,) and

k, =hf(x, +h,y, +k;) and h = 0.1, to obtain an approximation to y(0.1), giving your answer to
three decimal places.

2 The function y(X) satisfies the differential equation g—y =f(x,y) where f(x,y)=+/x*+y+1 and
X
y@3)=2

(&) Use the Euler formula y,,, =y, + hf(x.,y,) with h = 0.1, to obtain an approximation to
y(3.1), giving your answer to four decimal places.

(b)  Use the formula y,,, =y, , +2hf(x,,y,) with your answer to part (a), to obtain y(3.2),
giving your answer to three decimal places.
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Appendix 1

Mathematical notation for AS and A-level
gualifications in Maths and Further Maths

The tables below set out the notation that must be used by AS and A-level Mathematics and Further
Mathematics specifications. Students will be expected to understand this notation without need for
further explanation.

AS students will be expected to understand notation that relates to AS content, and will not be
expected to understand notation that relates only to A-level content.

1 Set notation
11 € is an element of
1.2 ¢ is not an element of
1.3 c is a subset of
1.4 c is a proper subset of
1.5 {X0 Xg0enn} the set with elements Xy, Xo, ...
1.6 {x:.} the set of all X such that ...
1.7 n(A) the number of elements in set A
1.8 %) the empty set
1.9 £ the universal set
1.10 A the complement of the set A
1.11 N the set of natural numbers, {12,3,...}
1.12 / the set of integers, {0,+1+2,£3,...}
1.13 7 the set of positive integers, {12,3,...}
1.14 Zy the set of non-negative integers, {0,12, 3}
1.15 R the set of real numbers
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1.16 Q the set of rational numbers, {E: peZ,qe Z*}
q

1.17 ) union

1.18 N intersection

119 | (xY) the ordered pair X, y

1.20 | [ab] the closed interval {x e R:a < x <b}

1.21 | [ab) the interval {x e R:a < x <b}

1.22 | (ab] the interval {x e R:a < x<b}

1.23 | (ab) the open interval {x e R:a<x<b}

1 Set notation (Further Mathematics only)

1.24 C the set of complex numbers

2 Miscellaneous symbols

2.1 = is equal to

2.2 #* is not equal to

2.3 = is identical to or is congruent to

2.4 ~ is approximately equal to

2.5 o0 infinity

2.6 oC is proportional to

2.7 therefore

2.8 because

2.9 < is less than

2.10 < is less than or equal to, is not greater than

2.11 > is greater than
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2.12 > is greater than or equal to, is not less than
2.13 pP=q p implies q (if p then Q)
2.14 pP<=q p is implied by q (if q then p)
2.15 p<=(q p implies and is implied by g (p is equivalent to Q)
2.16 A first term of an arithmetic or geometric sequence
2.17 L last term of an arithmetic sequence
2.18 D common difference of an arithmetic sequence
2.19 R common ratio of a geometric sequence
2.20 Sh sum to n terms of a sequence
2.21 S, sum to infinity of a sequence
3 Operations
3.1 a+b aplusb
3.2 a-b aminus b
3.3 axb,ab,ab a multiplied by b
34 | a=b, % a divided by b
n
35 | D4 a1 +a,+ .. an
i=1
3.6 n a a; X a8y X ... an
=1
3.7 \/5 the non-negative square root of a
3.8 |a| the modulus of a
3.9 n! nfactorial: n! =n x (n—-1) x... x2x1, neN; 0l =1
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the binomial coefficient Ifor nreZyrs<n

ri(n—r)!

n
ni(n-1)...(n—-r+1
or ( ) |( )forneQ,reZ;
r!
4 Functions
4.1 f(x) the value of the function f at x
4.2 f:xmPy the function f maps the element x to the element y
4.3 f! the inverse function of the function f
the composite function of f and g which is defined by
4.4 Gf -
gf(x) = g(f(x))
4.5 lim (x) the limit of f(x) as X tends to a
4.6 AX, OX an increment of X
dy o .
4.7 i the derivative of y with respect to X
X
d"y o .
4.8 v the nth derivative of y with respect to x
X
4.9 f(x), F1(x),..., F™(X) the first, second, ..., nth derivatives of f(x) with respect to x
4.10 X X, ... the first, second, ... derivatives of X with respect to t
4.11 _[ y dx the indefinite integral of y with respect to X
X o , -
412 '[ y dx the_ definite nltegral of y with respect to X between the limits
a Xx=aandx=b
5 Exponentials and logarithmic functions
5.1 E base of natural logarithms
5.2 e*, exp X exponential function of X
5.3 loga X logarithm to the base a of x
54 In X, loge X natural logarithm of x
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6 Trigonometric functions
6.1 sin, cos, tan . . .
the trigonometric functions

cosec, sec, cot
sin™!,cos ™, tan™! _ . . .

6.2 _ the inverse trigonometric functions
arcsin, arccos, arctan

6.3 ° degrees

6.4 rad radians

6 Trigonometric functions (Further Mathematics only)
cosec ™, sec, cot™ _ _ _ _

6.5 the inverse trigonometric functions
arccosec, arcsec, arccot
sinh, cosh, tanh ) .

6.6 the hyperbolic functions
cosech, sech, coth
sinh™,cosh™, tanh™
cosech™,sech™ coth™

6.7 the inverse hyperbolic functions
arsinh, arcosh, artanh
arcosech, arsech, arcoth

Version 2.0 159




AQAH

7 Complex numbers (Further Mathematics only)

7.1 I ] square root of -1

7.2 X+ 1y complex number with real part X and imaginary part y

73 r(cos&+ i sin@) ?noddzlrléi;rgrlljtn;ent form of a complex number with modulus r

7.4 Z a complex number, z=x + iy = r(cos@+isind)

7.5 Re(z) the real part of z, Re(z) =x

7.6 Im(z) the imaginary part of z, Im(z) =y

7.7 7| the modulus of z, |z = x* +y?

7.8 arg(2) the argument of z, arg(z) = 0, -nt<O< 1

7.9 z* the complex conjugate of z, X — iy

8 Matrices (Further Mathematics only

8.1 M a matrix M

8.2 0 zero matrix

8.3 | identity matrix

8.4 M the inverse of the matrix M

8.5 M" the transpose of the matrix M

8.6 A, det M or |M| the determinant of the square matrix M

8.7 Mr image of colu_mn vector r under the transformation associated
with the matrix M

9 Vectors

9.1 a a. a the vector a, a, a; these alternatives apply throughout section

- 9

992 B the vector represented in magnitude and direction by the
directed line segment AB

9.3 a a unit vector in the direction of a
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9.4 ij, K unit vectors in the directions of the Cartesian coordinate axes
9.5 |a|, a the magnitude of a
9.6 ‘AB‘, AB the magnitude of AB
a . . . . .
9.7 (bj , al+Dj column vector and corresponding unit vector notation
9.8 R position vector
9.9 S displacement vector
9.10 velocity vector
9.11 acceleration vector
9 Vectors (Further Mathematics only)
9.12 a.b the scalar product of a and b
10 Differential equations (Further Mathematics only)
10.1 w angular speed
11 Probability and statistics
11.1 A, B, C, etc events
11.2 AuB union of the events A and B
11.3 ANnB intersection of the events A and B
11.4 | P(A) probability of the event A
115 A complement of the event A
11.6 | P(A|B) probability of the event A conditional on the event B
11.7 X, Y, R, etc random variables
11.8 X, Y, I, etc values of the random variables X, Y, R, etc
11.9 X1, Xo, ... values of observations
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11.10 | fy, fo, ... frequencies with which the observations Xy, X, ...occur
11.11 | p(x), P(X =x) probability function of the discrete random variable X
1112 | py. par .. \pl);(:;%tl)(ieligi(es of the values Xy, Xy, ... of the discrete random
11.13 | E(X) expectation of the random variable X
11.14 | Var(X) variance of the random variable X
11.15 | ~ has the distribution
11.16 | B(n, p) binomial dist_ribution Wi_th parameter;_ nand p, wher_e n is_the
number of trials and p is the probability of success in a trial
11.17 | Q g =1 — p for binomial distribution
11.18 | N ( ,u,GZ) Normal distribution with mean x and variance o?
11.19 | Z~N(0,1) standard Normal distribution
probability density function of the standardised Normal variable
11.20 | ¢ with distribution N (0,1)
1121 | ® corresponding cumulative distribution function
1122 | H population mean
11.23 | ¢° population variance
11.24 | o population standard deviation
11.25 | X sample mean
11.26 |s? sample variance
11.27 |S sample standard deviation
11.28 | Ho null hypothesis
11.29 | H; alternative hypothesis
11.30 | R product moment correlation coefficient for a sample
1131 | P product moment correlation coefficient for a population
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12 Mechanics
12.1 kg kilogram(s)
12.2 M metre(s)
12.3 km kilometre(s)
12.4 m/s, ms™ metre(s) per second (velocity)
12.5 m/s®, m s™ metre(s) per second per second (acceleration)
12.6 F force or resultant force
12.7 N newton
12.8 Nm newton metre (moment of force)
12.9 t time
12.10 |s displacement
12.11 |u initial velocity
12.12 |v velocity or final velocity
12.13 |a acceleration
12.14 |g acceleration due to gravity
1215 | H coefficient of friction
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m Appendix

2

Mathematical formulae and identities

Students must use the following formulae and identities for AS and A-level Mathematics and Further
Mathematics, without these formulae and identities being provided, either in these forms or in
equivalent forms. These formulae and identities may only be provided where they are the starting point

for a proof or as a result to be proved.

Pure mathematics

Quadratic equations

—b++/b* —4ac
2a

ax? + bx + ¢ = 0 has roots

Laws of indices

a*a’ =a*”’
a‘+a’=a""’

(@a")a’ =a”

Laws of logarithms

x=a" < n=log xfora>0andx>0

log,x+log,y =log, (xy)
X

log,x —log,y =log, (—]
y

klog,x =log, (x*)

Coordinate geometry

A straight line, gradient m passing through (Xy, Y1) has equation
y =Yy =m(x—x)

Straight lines with gradients m; and m, are perpendicular when
mym, = -1

Sequences

General term of an arithmetic progression:
up=a+(n-21)d

General term of a geometric progression:

up=ar'"!
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Trigonometry

In the triangle ABC:

b ¢
sinA sinB sinC

sine rule:

cosine rule: a®> =b? +¢? —2bccos A

area: %ab sinC

cos’A+sin’A=1
sec’A=1+tan’A

cosec’A =1+cot’A

sin2A = 2sin Acos A
cos2A = cos? A—sin’A

tan2A = 2ta—nf\
1-tan“A

Mensuration

Circumference (C) and area (A) of a circle, radius r and diameter d.

C=2nr=nd

A=nr?

Pythagoras’ Theorem: In any right-angled triangle, where a, b and ¢
are the lengths of the sides and c is the hypotenuse:

¢’ =a’+b?

1
Area of a trapezium: E(a +b)h where a and b are the lengths of the

parallel sides and h is their perpendicular separation
Volume of a prism = area of cross section x length

For a circle or radius r, where an angle at the centre of 6 radians
subtends an arc of length s and encloses an associated sector of area

A:
s=rb
A=1r2g
2
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Calculus and differential equations

Differentiation

Function Derivative
X" nx"!
sin kx k cos kx
cos kx —k sin kx
ekx kekx
1
In X —
X
f(x) + g(x) f'(x)+g'(x)
fO)g(x) F'(x)g(x) +F(x)g'(x)
f(9(x)) f'(9(x))g'(x)
Integration
Function Derivative
X" ix”*l+c, n=-1
n+1
1.
cos kx Esm kx +c
. 1
sin kx —Ecoskx+c
kx 1 kx
e —e" +cC
. +
L In|x| +C,X#0
X
f'(x)+g'(x) f(x)+g(x)+c
f'(9(x))g'(x) f(g(x))+c

b
Area under a curve = j ydx (y >0)

166

Version 2.0




AS and A-LEVEL FURTHER MATHEMATICS TEACHING GUIDANCE

Vectors |Xi+ yj+ zk| = J(x* + y* + 22)
Mechanics
Forces and equilibrium Weight = mass x g
Friction: F < uR
Newton’s second law in the form: F = ma
Kinematics For motion in a straight line with variable acceleration:
dr
vV=—
dt
_dv_dr
dt dt?
r= Ivdt
v= ja dt
Statistics
_ x> fx
The mean of a set of data X==—=
n > f
X —
The standard Normal 7= H \where X ~ N(,u,O'Z)
variable o
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Get help and support

Visit our website for information, guidance, support and resources at aga.org.uk

You can talk directly to the Mathematical Studies subject team

E: maths@aga.org.uk

T: 0161 957 3852

aga.org.uk
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